31 Hopfological  algebra g

In 199, Crane and Frenkel published their seminal paper  Four-dimensonal
topological quontum field theory, Hopf cotegories, and the cononical bases” .
There they proposed o progrom adlled  cotegerification . hoping o (ift

the combinatorialy defined 3-manjfold inariant constructed by Kuperberg
o a 4d TQFT

Donoldson - Floer ¢ > A 4D TOFT 7

H n Ca‘tegor‘l' ication

Kuperberg: Ugth) -invaart of  ~ WRT- 3D TQFT
3- monifolds

associated with Ugeda)
®Q: a primitive n-th reot of unity

Digression: Homological - algebro.
Assume, for simplicity, that we work over o grownd field k. Homologeal
olgebra. has the following feotures.
). Chain  complexes and their cohomology groups
K. dK—K", d=o0
o . Direct sums of chain complexes
. Tensor products of chain complexes : K'® L
3). Inner homs between chain complexes: HOM (K L)
‘ HOMIK L) = £ KT — 7] fk®) ¢ LR}
dify = dof - (—l)‘f’fod.



4, Tm‘angu{ar structures.

Homological shifis / cone constructions ( s.e.s. leading to dlt.
TRI — TR4 etc.

Homological algebra ploys a. _fundamentdl role in mtegorg‘rcccﬁ'on Since it gives
0. systematic lifting of abelian Structures

X (Ko)

Dtk) - Z
K’ — S -1y dimi K
@ = addition
® - multiplication
tensor unit > 1
(13 )

multiplication bg (-1).

Rmb: If we repbce vector spaces by graded vector spaces, we get a
systematic lifting of “quantum” abelian Structures :

Kol k-guect) = 219,91
The grading shift {it decategonifies o multiplication by g.

® Observation: Feature ()-@) ore reminiscent of some basc congtructions

in representation theory: If G is some group, H=kG is a Hopf algebra
S that its category of moaules H-mod hos -

'K @ L € H-med

o K®L eH-md hiked)= Zhok & that).

@ HOM(K LY € H-mod  (h-ficky = Z haf(Sthaw)).
Thus «y-@) aboue con be vewed as a special case of ny-@)' for the
Hopf  superalgebra of dunl rumbers H=kcda/e.



® Question: Are there andlogues of the other ﬁatw\es of homological
atgebm ﬁr* H-mod 7 For instance, what 18 ‘kbhomolo% "1

Any chain complex/k  decomposes uniguely into dlirect sums -

(@ 0—k —-0)D(BO0—k — k—0)
Taking cohomology does nothin\g but bflh‘ng the second facz‘or*, which s
o direct Qum qf fnee krd1/cd® - modules.

Less obuious is the Jact that (0 —k —k—o0) is dso injective. In fact,
keoa/id® i o Frobenus  superalgebra.

Thm. (Sweedler) A Hopf algebra H s Frobenius jff it is finte-dim'l.

Qur question reduces 1o asking how one can systematically kil projective -
and- injective - modules.

The Stoble category
Intuitively, the stable category H-mod is the Categorical quotient of H-mod
by the dass of projective/ injective objects.

Dgf. The category H-mod consists of the same objects a8 H-mod, whie
the morphism Spaces between any objects K, L are given by
Homu-mod (K, L) := Homu-med (momhiems that fD.CfDP)
through pro/injectives

Rme: “The notion of stable cafegories makes Sense for any Self-injective
alggbra., not necessantly those coming from finite-dimensional Hopf algebras.



Thm. (Heller) If H is celf-injective, then H-mod is triangulated

In gereral, the morphism spaces between objects in some Stable category
are hard o compute. But for a stable category arising from o finite
dimensional Hopf algebra , there is a. conceptually easy way to compute
them. T oo this we need the notion of integrals for Hopf algebras.

Dej let H be o Hopf dgebra/k. An elemert AeH is alled a left
integral in H UC vheH,
h-\=emnA.

“Thm. ¢ Sweedler) Ang ﬁnfﬁe dimensional H has a non-zero irttegral . unique
up t a non-zero Constant.

Examples i.H=kG (G finte group). A= Zgea g .
@. H=ktda/cd, A=d.
@. H=kto1/(5”, (chark=p>0), A=

)Dr‘op. Let H be a fnt‘Te—dim'l Hopf algebra, and K. L be H-modules.
Then
Homu-med (K, L) = Homu(K, L)/ A-HOM(K, L)
= HOMk,L)"/ A-HOMIK L)

We will prove the prop Shortly . Before that, we ook at a couple of
examples.

Examples. m H=kG, a finite growp, A=3gea §. Reall that H is



semisimple [ff k is a projective module. This is equivalent To requining
that Hombemed (k. k) =0 . But A -HOM(K, k)= eiNVlk = IGI k. Thus kG is
Semisimple iff 1Gle K.
@ H=kedalo®y © Af = df = dof - (= £og
3 H=kg1/(*") (chark=p>0)
Nf = fr = ZZ Pofo P

Lemma.  An H-modue map K —L factors through an  injective H-moolule
ff there exists o factorization
K—— L
Id@/\\ /
KeH
Proof. It suffices to show this when L is injective . Consider the following
mmmutative - giagram 0
K—— L
heoh | Ihen| s,

KeH pord L®H

since L is injective, the injection IL®A: L — L®H must split. Choose
o spliing g. Then @ factors as  gepeldie (Tk®A). o

Lemma. An H-module mop @:K—L foctors through Idk®A: K — K&H
iff there is o k-lineor map 4 st. Q=AY
Poof. I @= /Ay for Some WeHom(K L), we wil extend Y to
T KeH — L
Pchoh):= (h W) (R) = hab(Sthy R )
Tren F is H-linear : ¥x.heH, keK, we have
V’:(O(-(}Q®h)) = “q?[ ’me@ ’Xa)h)



= (Xah )(2>¢( S-'((’X(zuh)m) X R)
= Xeayhe {F( Sthen) S X)Xy R )
= Xe2) h(zv{F(S-‘(hm) E(XanR)
= % heay ¥t Sthink)
= x(h-Tick)
= X Fckoh) N
Then, @ factors through @ K L8, yoH X |
(onersely. given suh o fictorization of H-moolule maps

0: K 28, voH 2,

et W be the k-linear compasifion map K - Kt < KaH -E5 . Then
o=AU. Ideed, vkeK,
(MR = A (St mk)

= /\(2)\4’(8-‘(/\(n)h® 1)

= 'q:(/\(z)' (STAmR®N)

= TiAStAmk e Aa)

=FENMRS Aa)

=F(R8A) = QR). O

Relation 1o categorification
Def Llet H be the groded Hoqf a(gebm kroa/ Py, dego:= | We call
H-gmod the cotegory of p-complexes, whie H-gmod the homotopy cotegory

of p-complexes.

Histoncally, the ﬁst consideration Qf p-complexes and their homotopy category
S due to Mayer (1942). In the definition of simplicial homology theory. the
differentiol d= i -n'di safisfies d*=o. Mayer noticed that, if we work over



Q ﬁe[d Qf chorp>o, ond set 9:=3ici. Then =0, and there are
the corresponding rotions of (Mayer) homology. However, Spanier goon  found
out that Mayers homology can be recovered from the usual homology groups
(=0, and thus are less interesting.

Then, why do we core about p-complexes 7 This is due to the following
Simple - observation,

Lemma. ¢ Bernstein-Khovanov). If  H=keaa/cep), degdr =1, then
KolH-gmod) = 2£2,9™
Mo(H‘Q’&d) = 209.971/(1+Q+--+8P") = Op.

1?

Indeed. Ko ef the homctopy cateqory &8 generated by the gymbol k3,
subject to the only relation
O=[HI=C[kI+LCkdyI++ Ckip=t]1 = O+ Q+—+QP") LIk,

In other words, H-gmod is a categonical interpretetion of the rng of the pth
qyclotomic - integers.

H -gmod K g
® ® _— +, -
0] e S
{1} —_ q

Here. the homological shiff is deﬁned 08 follws : Me H-mod , then we have
the anonical
Q,: MM M®H {-deg/\
Then
MO1:= coker(Qu) .



To utilize this cotegoricdl Op, we need to findl interesting * algebros

in H-gmed . Then the Grothendieck groups of these agebms will be
Op-modules. /s a motiation, note that many interesting algebra. objects
in the usual homotopy category of chain complexes  ( H=kedala™) anise
os differentiol graded olgebras (DG algebras).

D@L\. A p-DG a(gebra A over a \ﬁeld gf charlk=p >0 s 0 groded
Olgebro. topether with a. difffrential 8 st ¥V a.beA.
dab) = diavb + adxb)
Py = 0.

More  generdlly. one has the notion of on H-module algebra, which in
tum gives rise to an algebro. ohject in H-mod - e refér‘ o the study
of homological properties of olgebra objects in H-med as “hopfolegical
algebra.. "

In ana(ogg with the usual DG -apebras, we have

mod out @ muer"ang
nu homo‘l‘opg

Much of my thesis is about developing Some necessary Tools in  establighing
the following resut.

Thm. (Khovanou, ) The homotopy and denved categortes of o p-DG
algebro. are module- cotegories over H-gmed . Under toking Grothendlieck
groups (in some appropriate Sense), Ko(DXA.9)) has the structure of
on  Op -module.



In other words , we have the following diagram:
H-gned x DUA.8) —2— DIA, 3)

-

@p x KolA.0) _m_uL Ko(A.2)

Qestion: Are there other symmetnic monoidal categones whose Grrothendlieck
nngs are isomorphic to nings of integers in number fields 7 Or @Q/RI
C etc. ”



) Cafegorﬁed Quantum @) ot Prime Roots of Uni@ 0
‘ Uk)hg do we want to cotegorify Ugetk ?
® Roshetikhin- Tumey - Witten

Ugeeha) is the quantized gouge group of 3d Chem-Simons theory.

¢ Cmne— Frenbe( :

Categorify 3d Chem-Simons to o 4d-TGFT.
Ugtala) :  quantized  2-gage group

® Guantum 2l at rects of unity.
We are interested in the idempotented version of Ugetk. It is gererated over Zi9.9'

by pictures of thejérm
/\+2$ A /\-J-I A (A€ )
E F
with the olgebm Structure

A M b2 ol I
—T‘H‘]—i——l“'l_f_ "SAMI.L

2
L (ete)
Modulo relations cat a 2k-th root of unity . R odd )
—F4 = 2 A azo)
E F F E
——* = 4+ a A ago)
F E E F

“T—“F—F—'\‘ = 0 = —%—-}—}—*— ( Nilpotency relocrion)

h-mang



. Cafegonfcaﬁbn of Uatth)
Below we present Louda's diggrammatic calulus for Ugtls) at o genenic g-ualue .
The rouh iden. is that:

® Pctwres  —  Isomorphism chass / ymbol o Some modules

® Sum of pictures = gymbol of direct sum gp modules

® Bqualities of pictures = isomorphisms of  modlules.
In generol, isomorphisms e rare between medules. Insteed . study homomorphisms  between
them.  Infuifiiely homomorphisms = evolution of pictures , which is ot necessanly
reversible.

® Maps just among E's tor Frs) ( Khovanou - Lauda. - Reugquier )

(Nil-Hecke dgebra)

* To catgorcolly Drifbli-double’ E's . Louda inroctuces  cups ondl caps

— F = = F
\ NN
A A

= E

E F

Together with the nilHecke algebra generators. cups and caps saﬂg@ certain relations



iy Bubble postiurty (degees  of (jm = () {jm: (2) mstbe 20 )

R=m+i-A 20 L=mu+) 20

(). NilHecke relations

XK= 15K- X

§\ ] i ) >§
i) Reduction to bubbles

o-afe O-zef

). Identity  decomposition

A A ,\k«“z A ) ,\ky‘“
R <RI SRR SR Mo

Thm. (Loudoy This graphical  calculus s non-degenerate  and categonfies Ugth)
at a genenc g-value.

Rk Louda's caleulus is a 2-dim! idempotented algebra, ie. it has two compatible
multiplication Structures ¢ vertical and honzontal ) . Such  idempotented olgebras are also

known as @ Q-m'regorg)



To see the plousibility of this categonfication, we consider how EFfy an “evole" into

FEL @ ﬂAQW
4
Un:= XX
m—\ N= U

_+_+ @ Q —_ ® -
—N&j}” /—Uo

These elements  {ua} . {Ua sarigg

Wiilli = Ui
{ VilliVi = Vi
Vi = 0 ((#))
which J%Hows fmm the identity decomposation  relation . Cbnsequemy {uivili=0, . A}

Jom an orthogonal set of  idempotents in  Endg( EF1,)
( Factonization g” idempotents )

°Enhana’n\c} U with a p-dgffenenﬁal
As we have leprnt ﬁom §1, f A is a p-DG algebra, then the denived category o
p-D& modies over A is o module - category over the homotopy category of  p-complees .

keai/)- gmed x DA.9) —— DA.3)

F L

Op % KolA,9) —2— KA. 3)



Def. Let (U.D) be Lawa's 2-dimensional olgebra. equipped with the differential
0-action on generators given by

o(¢)- 8 <) -1
o(e)= ¢ o X~
()= ) s
() =\ - e alv TN =ue AN

Lemma. The above O preserves all reélations of U, and it is p-nilpotent over a field
of characteristic p>o.

Thm. (Elias- Q.) The derived module category DU, 3) is Karoubian, ond it categonfies
Uptls) at o p-th pnimitive root Qf unity.
KolU,0) = ugtaln
|
® Decomposition v.s. j?/fmﬁon.
In louda's abelin  categonifieation, the relations  in Ugesky are usually reslized as
offferent ways of decomposing  projective 94 - modules.

In the redm of trianqulated categonies . direct sum  decompositions are ey rore.

Instead . a shot exact squence of p-DG U-modules gives rise to a distinguished
triangle in D(U.9).

0— A—B—(C—0 in  (U.9)-mod

l

A—B—C—A1 n DU.9) == [RI=[A1+[C] € Ko(Q.0)



More genemlly, a filtred p-D@G modue (M.F") presents M as a convolution
(Postnikov tower) of  grF"

Example  In the nilHecke algebm  NHz:

< 4

NHz2 = ng: : _1T -1T

5

= 0— Pt — NH: — Rt — 0 s a ses. of (U, 3)-modlules.
= In Kol@U.0), E’=[INHa,3)]=0alP:1+q[P.]=(9+9")E®

pmp. let {wiunlie I} be factorization of idempotents in o p-DG olgebra. R .
If there is a torl ordening on I Such that
Vi dlui) =0
{ UidtUid=0o (modulo (ower order terms)
Then (f e=ixuvi, then the p-DG module Re admits a fitration F° whose
subguotients are isomorphic  to Ruui's

Cor. (Fortustic ') In the Situation j the Prop. [Rel= Zier [Ruwuil.

(or. Under the differential defined earlier on U. there is o fltation on EF1)



® Unigueness : o small surprise!
Louda's ﬁc(on'zaﬁon of idempotents , in \geneml, /S ot unigue .

However, in the prasence g” o digrommanally local differential  (not necessarily the
dfferertial we defined here, but any O compatible with the locel relations of U,
we have, up fo conjugation by diagrammatic automorphisms

® The djfferertiol we defined here is the unique differentiol such that the modules
EFL, (h=zo0) odmit flirations whose subguotients are somorphic o FEL, a{i-Ay -
Aaf-% .

® Louda's factorization of idempotents is the unique choice that is compatible with the
differential, ( Fartastic _ Filtration )

® Application: cateqorification of  Simple Ugtala)~ modules
For any weight . the subcategory U, in which pictures have the right most
region labelled by . forms o natural left U-module ategory by horizontal
composition of " pictures.

D@C. The cyclotomic quotient aategory U™ is the quotient of Uu by the ideal

U* U*
U \ U | @ @zo0)
U¥ U+

The ideol is clearly closed under 8, so that UM inherits the quotient djfferential.
(V% 8) is called the cyclotomic quotient p-DG category.



The name of the cateqory arises fmm the relation that

prafore oo

The nilHecke algebra  NHn/exk) is colled the level-p cyclotomic quotient.

Thm (Elias - Q) {f ozp=p-1, then O(UM,0) cotegonifies the highest weight -u
Simple  UgGzlx)- module.

Sketch of proof. As a quotient category. (U, 3) inhenits the EF and FE
fontanstic fb‘mﬂon Thus 1-morphisms in this category n be reduced to  those of
ﬂief)r‘m ‘éff 1,4 ﬁr‘ a. bzo. Since Eﬂ.pt o and ?—'Eﬂy 1S O.CyC[lC\I][ b>P

the cotegory (UK. 9) is generated by [Ty, 0¢b<p-}. The endomorphism p-DG
algebra

Mat (b, HGrb.p))  0<b4p
End(CUH,a)(;rb.ﬂ.p.) & NHs /exth = {

0 otherwise

The result follows from the foct that Matcht, HtGrb,un) has rank-1 Grothendieck
group. O



