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Re\f: Le théoreme de Riemonn-Roch. A. Borel and J.P. Sere. Rulletin de la SMF,



1. K- Groups On Algebroic Uprieties
Let X be a. projective unriety ouer an algebmically Closedl field.

Def K(X)= @ ZLF1/~ , where [F1 denctes the iSomorphism classes @“ coherent
sheowes on X, and “~" is genemted by L[F1-CF'1-LF"] wherever
0— F —F — %" —o

Dgf. KiX) = @ ZIC1/ ~, where [E1 denctes the isomorphism classes of locally free
cheowes on X, ond '~ s genemted by LE1-CE'1-LE"T whenever
0— &' — E—E"—0

Thm 1. “The canonical map €: Ki(X) — K(X) is an isomorphism.

Tdea.: Any Fe Gohx> an be resolved bﬂ éomﬂt{ﬁees 35 (engdw < dimX.

0 —4dn—~—4L,— % —0
Then dq‘fne on inerse Y czf e bfj PULFDY = Site-1V 241, It can be checked
that v, i8 wea-deﬁned.

Operations On K(X)
(). Ring stucture on K(X): F. G € Gohex). Dﬂﬁ’ne
[F1.0G1 — =50 L%, G
Tren its pdditive in bth F ond G and thes defre a product snicture
KIX) ® KIX) — KX) .
Equivalently in Ki(x), we may just take locally free resdlutions of F ardl G.
ond then fom the tenson complex , ool take the Euler chomcteristic.
By constructing the ~ associatie Tor- functor * TordF, G H) and using the
Spectral - 8eguences ~
E;g=Tor?((F. Tt GH)Y = Tor(F.G.R) <= Epa = Torpl Tyt %, @), H)
ond the fact that Euler chamctenstic is constant within o Spectral qeguerce



we  howe:
® The product on K(X) is associative and commutntive.
(In Ki(X) the assoaaﬁuf@ i8 obuicus ; aommumtiui@ /s obvious in both coses).

). A - openotions
Given a ses. Q]C ocally Jree shenes on X
0— & —E —Eg" —o0
we hwe a ﬁltmtion

so that in KiX), we howe:
WEY = 2N ENNE")
= SHEYP = (ZAEN) (S ASENLS)
= £ — NEt is an additive mop fmm Kix) — Ki(X)Ct3, woith image
in the muttiplicxtive ubgroup {1 +at+aat- | oiek}. This in tum inoluces
e A K(X) — KIX)t]

@, F ond §
let Y — X be oy morphism (ot necessaily proper). VS(oml@ﬁee on
X, §E) is loclly free on Y . This is an odditive functio, ond thus induces
o J KX 2 KXy — KilY) = KOY)
We moy odso dej?ne this directly on KIX) via the Tor- ﬁmula: given FeGhix),
FUF 2 50 0T T PO F
which 8 additive on (oh(X).
Next suppose 1Y —X is proper. A fimodamentnl result of  Grotherdlieck
stotes that
o Fe(ohlY)= Q-‘{ft% € (oh(X)
Thus we moy define:
fiF 2 E;(—:)‘El?gfc%]
which is an odditive functar on Coh(Y) — KIX).



fi is not o ring homomorphism, but we have the projection formula:
* g i = g
where ye KIY), xe KX). This jéL(ows from the projection ﬁmula for Felohm,
E looily free on X
R F 8o f €)= RHfIF @0
By d@ﬁmﬁon, :f z 4y Lix. then

© gy =g"f",
If both f and g cve proper, then
® cfogy: = f1- Q1.

This foUows jFom the Spectmal Seguence : v Fe Gh(2):
RPf (REG(Fyy = Ry «F) |

Chemn Closses
Let AX) be the Chaw ring of X . (Or we moy use H*X.Zy if XICy. Chem
closses con be extended to K(X) = Ki(X) Since the Chem polynominl
CIEYt = 14 CUEYE + CalE )t 4
is on odditive function. (Tiven xe KX, et its Chem polynomial be Tif1+0it)
(bean‘rg in mind the Splitting principad ).

Def. (Toad Coss). T2 T —2m (€ AX®Q).

Def (Chem Choractery  Chixy 2 rnkexy + X (€% -1y (EAIX)®2@) |
(Note that ronk i8 M—dgfmed on KitX)2 KIX). )

We howve . Jor % ye KiXy:
® Tdex+yy = Tdex- Ty
o chix+y) = chox+chy) ;s chix-yy = choxychyy



82. The Theorem
Let f: Y — X be o proper morphism betieen non-singulas Guosi-projective

vonieties. Dencte TIX)eAX)®Q the Todd class of the tangert bunde of X.

Thm 2 ( Grothenclieck - Riemann - Roch )
k) - Ameq
lac! lf*
ko) -0 Axe@

The lack of commutativity is mesured by the formula
Fxccheyy Taen) = chefuyyy Tdex

X = Speck . Then AX)=Z 21 /), ond toking ch over X IS just cownting the
dim over R. Furthermore, if FeGhlY). then fi(F)= 1) [HIY. %0, Thus

Cor. ( Hirzebruch- Riemann - Roch )
SNy, F) =LCht?~')-Tol(Y)

Special  coses
. Y= P, X=pt. E=0Ow,
In this ge, let x=CcOwy . Then we hwe CxY)=(1+tx™, and thus

r+
TIP) = o7, Ch(Om) = €™ Fence R-R in ﬂ"us cose nrepols :
P+

Y= XOm) 2 deg r fom in Tgr
= degt-n tem in (,—_e;xx—)m
= Qes(c,—_i:—)mdx)
= Res T&j)dn%l_ﬁ (y=1-€"
= dE{L} r term in “_H)-cnﬂ)
-0t (V)

("),

i



. Y= Cuve X=Speck . Yy=V(O«Dy) with D a divis, Then:
h%(D) - h'(D = (cht Ov@Y- Td(Y)) .
= (14D - TogR),
= (1+D) fl—'§—)
= ole\q(b)-—;'—d%K
Le’tbin\cj D=0, g=htOv), we see that degk =29-2, ardl thus
(D)~ h'D) = degD - (g-1)

(3. Y=8urfie X=Speck, y=»Ordn, with D a divison
ho(DY — WD) + ) =[f 1+ D+ D) (1+5C0O+ A eanla( Gi=CicTY) )
= D (D+CCN) + (CHCy)
= D (D-k) + 75 (K Q)
Taldns D=0, R=1(K3C), which i& Neethers jz}vmula.



8. Poof of Theorem
We reduce the proof to two Specinl ases: . projection. (2. injection.

First reductions.
Lemma 1. Let 28 5 be proper morphisms. Let ZeKz)
m. ¥ GRR is ﬁueﬁr (g.2) and (f ge@n, then it's 't'rungr (fy.2)
Q. If GRR s ‘['meﬁr (JL:],Z) andl (f, gz, fwA(Y)——)A(X) i8  injective,
then itis tme for (g2,
P . By assumption, we hawe
Gu(che) Tdi2)) = che@an-TdY)
Fucch@en TdY)) = chefiegi@m Tdx) )
= (fg)x cchez) Td(@) = fi (G (che - Td2n)
= fulcchiguay . TdoY))
= ch(figuzm-Tdx)
= ch gy - Ta(x)
@, By assumption
(fg¥x (Chezy- Td@y =(chfg@)-Tax)
I I
Futgelchar @) chefigeam Tx)
and
Fxchegi@n-Tdiyn= chefigeam Tdx)
= felGvch@ @ = fecch@an T . Snee s s injective. we have
Guech@ Td@n = chiguezy- Tdey) O

Lemma 2. Let f Y —X. {3 Y — X' be proper morphisms . ye KoYy, y'eKey'
I GRR is true ﬁr (o, 1y, then it's tue for (fxf’ yeyn.
Pf: We shall use the J%Uoooing Kinneth type J‘Bmala:

(fxf"r ey = figrefiys

(Fxfixz0) = fe @ fu@y vz eAY), 2'eArY)



Furthermore, for Chem chomcters, we have
chiyeyh = chy @ chiy’ O

Now given f Y— X propesr morphism befween projective unsieties, we an ﬁm
it o8
Yl Xxp"
N lP
X
where ( i8 a closed immemin and p is the projection. By lemma 1@, we are
reduced to Show fm the ﬁllowirlq fwo Qases:
. Y=XxP"'—X s the proection
. Y —X is a closed immenion.

prq‘eot«'o*n (bse.

By lemma 2, uoeanefu‘fherneduoedto the mse P"— pt if we hawe
KO @ KIP™) — K(XxP" is sujectie (GRR is trivially e for X —X) .
which we howe dealt with as an example befire. (e list some bastc K
'dWeo*@ properties :

. X'esX closed 8ubscheme, U=X\X'. Then

KX — KIX) — KU — o
is exaet.
@, P:XxA'— X . Then P': K(X) 55 KIXxAD. Troluctively KIXY S KXY

Lemmo. 3. X:projective varietyy. KIXY® K(P" — K(XxIP") is surective.
Pf: By induction on r. r=o trvial. By . we have & commutatie disgram:
KX IP™) — KIXXIPh — KIXxA"Y — 0
? tby inducttion) TE T = (by )
K@ KIF™) — KIX)®K(IP) — KIX)®KIAY —0
=> € is Sujective b\uj cliggram chasing O



Cor. GRR is tiue ﬁr the projectim XxP"—X. .

A Spedal (ose of Injection.
In cose YemX s o divisor. any yeKly) is of the form Y=i'tx. xeK(X),
we on check GRR o8 follows.
For on injection, we have  0— /¢ — Quly — 0y —0. Dualizing gives
0—TY — TXly = E —0 whee E is the nomal bundle. Then
(€ Cheyy- TAO 2 chediyn Tdex)
LHS.= (xtchuyp: TAEY" TATXIY = iecchapy TAET" Tl = b cchgp TAEYTS Toex)
Thus it suffices to show that
chtirvn= ixCChey- TAEY"

In the special case where Y is o smooth divis, by adjunction fomula. E = OxY)
Let y= 'y, We have:

L.ha=chcii'mn= chex- iy = chexy: cheivron
But we hwe 0—0x-Y)—0x — Oy —0 = (([OD=LO1-LO]
ond thus

Lh.s = chxy- ci- e™)
On the other hand,

rhs= ooy THOWM = Cxt i*chex) TA O = ix(*tchy TAOXOT)
chex) TN (%)
chexy “$'Y Y
chexy. 1-e™
(.h.s.

0

]

Cor. GRR is true J‘Fr Yo YxP", ar@.pa, where P is a fixed pont of IP.
Pf: Since this morphism i3 the compasition of idy:Y—Y and pe—r P, by
lemma 2. it suffices to check for the loter Cose. let Y=pt, KMm=2Z, ad it
suffices to Show fir 1eKcY). But 1€lMKIPY. This i r=1. the resut filluos
Jrom the divisorial ase above. Now we induct on



Let H be a hyperplone in P° Cortoiring Po. HeIP™
[+ 4Pyt Het Pr

85 induction hypothesis GRR is 'tmeﬁr\ W, 1. Since v is the indusion gf Q
divisor, f Waye V'KIPY, GRR will be true for (v, wmn) by the divisoriad case.
It then ﬁaansfvm lemma ¢y that GRR is true j&r (. n.

Now in w.l.0.g. assume H P = {Xr=0}, we hawe a Koszul complex:

0 — On(-ra) ——*EBOHC 2y — - — @ One-n — O — Op,— 0

= Wy = S Cinvertible sheaves on H1. But any invertible sheaf Oneny Comes
From v*Opvry. The result follows.

a

Gr. To pove GRR in geneml, it syffires to Show for Y —X with codimY
> olimY (we just need CodimY > dimY+2).

Pf: Toke the compaitin Y — X — X«P" for N>o0. By assumption GRR
i true for the compavtion and X — XxIPY. Moreover ix: ACX) — AXxIP")
IS injective. By lemma 1y, GRR is tue for Y—X. O

Ruk: The gereml cose of injection will foldwo from the divisial ase by
blowing up X along Y, so that the Strict transform of Y is a dlivison By
the cor nbove, we only need to consier Y (f lage enough cosimension , uohich
S needed for technical reasons.



