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81. Represertation of Finite Groups oven &
. Every rep to completely reducile

& TGl K a Somi—8imple rmg

& arGi= EB Matcni, @)

(Shur's Lemmay If L is cn imep Csimple mudue> over o ring A, then
Erdacly kb o division ring. In porticulor, A= CLGI, L imep.
then Endacly ( HomgcL, L)) = €

Notisn: Irtertwiners = homomorphioms of rep's.

¥ Ve aG-rep = 61— EdvyEMatin. @y , n=dimv.
I V fo imeducible => thio homo. R Suective

Sre CLGT to semi-simple => 3 fiwitely momy irep. Vi, s Vm
= ©: CIGI— @Matni, @) ond @ b an tomorphiom of rings.

Cor. The reguler rep. of G canfwnsachmaocf-rwithm{ﬁpﬁaiﬁdegmw
its Olimengin.  In pocticulen Zﬂ. G

In ﬁm‘ Crga = @\A@\(; , anol this fo om komorphism os o ALGI-bimedule
CECGLghmd o -wa

® Tongor Kepresontodions

IfVMarepowadWMarep. qu. GxH Y Vvew
grh: vew > gudhw

_'.[f V. W are rep's of &, GZ-6xG Yy VeWw

Ex. VOW ks imep of GxH ff V ad W are imep's ¢ Only /T
D\f bﬂ chomcters - /watﬂ.h)r’Xv(g)’chhJ
Ths  Hvew , Yvew) = Tel\T-n % ’lea)’)cwfb\) g™ Ath™)

=(’1£?;. % NGy K™y ) - ('\Tlﬂ F Kwth %oth™)

= Yy, %) (Pw, Y)



= = Naw. Yvew) & Xv2dn=) amd  (Hw. HKw)=1

VieVj = @ch.f => get o Commudative ring Rept@y with besto dlts irrep's
[Vile Rep(@). CViT-CVj3=ZCf W
As an abelion group, Rep(@) o free soith by CVII, -, CVim3
(VI®V)I®Vk = VidVi®Vk) = nmultidiedion 1 aesociative
Viey; 2 Vje Vi => nuttipliction f  Commutative
a®yv =V = 3 uit dt.
C%nabit% A -modlules , no ratuml action on VW . no ratumd triviel repn>
Also dlefine [VI+CW1=Cvews. If vgéva“‘, EV_'J=|2::lh;EVaJ
Rep(Gd 2 Rep(@y™ pustive semi-ring with eloments {Tva}

One dﬁrYI'l rep & G——Cx
NG S a
@1 = H(G &)= (&)
¥ H b abelien . HY = Hom(H. B = HonH. Gx) + Pontgyagin olual,
In genem«l HY 2~ 1 ( non— comonicnldy > bt HW= H Mmco%
Ex. Find the momorphiam HY =4,

In ﬁm’c H'xH— Cx (VY h — Ychy b a peg%ct poirima

If chimV=1, Wi VoW i an imentible cpemtion Cimv. functor on the

tegey of rep)

® Motrix  Coefficients gc Irrep
Foct: Shurts lemma => Awy imep of a finite abelion group o 1-dlim'l <Ails /IR )

Viw imep of &
o VEW. WIsV L map

£z a)z_ée-f-g" = vheG, hf'=fh = F=o

Chome bosts in V ond W = {viy & 1wy, then g acts on V by matrix
Agyon V. matrix Bgr on W. Facs by F



= ZA(QJF—'Bcg-‘J—o
Omse F=Ejk = ¥ Gijg» breigh=0

*vV=w . f:V—Vv = Zgfg" =)D
= -dimV=trOD) = 1GItrdf) = A= oﬁ'v trefs
W.nrt. fviy, F= Ejk = EQU@ Aretg = SJh &2 o 1&1

Thus corsdler Gij: @ — @ € Fun(@). olimFun(@)=1G

Introoluce an iner prosuct on Fun(@) = o g € Fun@)
(o, 8) = T&i gea Mg BG™

Thus 4035 wen ok imep in Fun(@> b ool to 10i} itself.

;[Jc V b on imep with a G- im. immer prooluct (G- inw. inmen proolucts o
wnique up to scoler on V. ex y Chome on ortlugenad ook of V

= Od-[g-‘)—dd—-j@

= S Outa)adéze)— S’J Ske_oll?i'

= 4&,3ﬁmsmmogmbm@° Func@

Ex. Work out the examplea 1" G=2Zh 2G=Ss
Fowrier tramsform for finite groups 18 o write @ function in o boots
dimv
* Choracters  vegd £ Z i
Vivimep , Xi=vi => (7. %> =8 where o > 2167 o WG Yot g
Veavi, \/\If”ﬂav'zJ = (Y, Fw) = Sn,b,
vy Kv)=1 iff V fo irmep
Now (L&G1 = @Matm. @)
e < i © @i primitive  centrel  idlempotent
e="g 3r4"g
Ex. Shos tht €igj=8jj@ , &'=&i wing orthogmlity of metrix cogfficients



R)C: e e J _ alim - OLMVJ Z/x (ﬂ-l) Z/XJf‘I_\) ﬂh

G2
”(”“Lve'f‘,”w% > Milg )’XJfkg})@h
dﬂ\(_é%fz Z Zaﬂlfﬁ )b (k"g)gh (1. 7+, Some orthonermal besk gc Vi€ V)
_ dlimVi olimVj
'ﬂTgT:U' L Sh_kf- wllg 'y bjece >b«’;)fﬂ)ﬁh

e\ /e 2 (dimy; . .
I vi=vp . e’="E = = gk X Girgh a4
Colimviy*

=G = F Qs B 8 o
d‘MV Zaﬂtk‘)k =&
F vy e _m%m > %b{tk)k% Qi bajigy = o O

Thus: ZCLR]I= ring of Closs ﬁnct«bns o Z(®Matini, €)) = & Cei .

® Charocter table
Recoll the representation ring ReptG) with besks CVolz= € , CViI,-» [Vmarl
Cvid: Ev):_zaﬂcva Apelying % (Kvi=Ki, X vew =y Yow)
= i) = 505 Nk
E.g. Cherocter toble of Ss
Sa hes 3 irreducible representptions.

The trivia) rep The Sign rep  The 2-dim' repn (Sa2Dg)

Vo = & Vi Va

There are 3 conjugagy classes in Sa

Ay (12ds  23);

"o | ) [ ) |
% - I
Y 2 .0 . -l
V20Vi Z2Va  VIBVi= Vo \Ve®Va=?
No= 4 , O I = Ko+ K+ Ka

How h Va defined 7

Sy 112,38 =2SVC3=Ce@Ce.®Ces . Then there ks o |—diml triviel
Subrepregential  Spaned bg Ci+6a+C3 . \a= 4. %% i—jx::a}

Simildly Sn ¥V 41,2,-ny 2 S v¥L", C"=Co V"™



Cloim: V"™ ts irnedlucible.
e It suffes to oo ﬁw Keri=2, Sie e brow abedy tht s &
WX = ZI'th)l = =7 2: #4g) gfires R eloments of 4y} R

But #{glgf‘m k elements of 41.~-nit = % 1g] § fires contoin k. ecloments}

— H{Gl g fixes certpin chri) elpmentss + {9 fixes centpin btz elemonts§ — -~
= (g)(“‘h)! - Chﬁn)m'h"” + (hﬁz)m-m;z -

n! non
TR Lh+l)' T e T
- itk
=n (> )

<=k 2 "(")e'
= 17X W= zb“ i = 2. (Mathemation) o

® More geremily, whenever GIX = GYTCIXS. To considler the dlecomposition
it Suffics to asume GNX tronsitiely. Then X = GIH, H= Swbx. Ths k
0. Speciol ase of induced representations of H on G. (the trivial rep. of H».
Keaxs ()= #ixlgr=at = Avm(gr=24xl gx=x§ -1,
Awther point to obssre b thet : if Vis imed, VRV 2C HF VV™
PR e vt 23 @

=" Hom(V@V, €)= Hom(V. V*).

Now Hom(vev, €& = Howmg VBV, ) # o
= Howmg(v, V*)= Hm(v, V"8 0 = vav* O

o Ang irreducible rep of Sn is selfdwl . sine V ge Sn, g is cojupte g
= Nu@ = K=Y > %ugd's oe rel uplued . = < Xa, Yuav> =<ke. K>
= —,'ﬁii-’)évl@fm = C <> VBV, ths V=V



® Induction and Restriction "
A B rigs, BesA  B-modies T A-macles

Tnuction /eﬁ aayoinf to restriction : Hompl A®V, W Y £= Homa(V, giW)
Incove G 1 o fiwite group., v H o Subgrog.
CLH]@CFGJ P H-mod = G
G= J_LgH k=CG: H1 => CLGI b a Free right TTHI moglule with baoks 48t
Indey) = @@@V = oimInd Vy = ohmV. LG:H3
The Gr-oction on Ind V 1 given bﬂ g-giev = g,-h@u g;@hu
If V= CrH1 o the repulor rep. Inltvy = DGIQ @xHI = CIE1
It &)= &I €« 4 boats & given by m%m 19i@1}
g 8i®! = ggi®l = gih®1 = gi®h| = 18l ; o actin on coets are given by left
muttiplicotion = Ind(@C) = C1GIHS
Frobenius r‘ea'prodﬁd: Homg (IndV, W) = Hom(V, uW)
I V. W ove imeducitle representations of H and G.
oim L.H.S. = mutiplicity of W in TrdV : dlimRH.8.= multiplicty of V in W
¥ W imed V=trviek rep. of 415 =G
= Ind(V)=CLGI, and Olim L.H.S.=mult. of W in LLGI omd AimR.H.S.
= thmuy( & W)= olimW .Onee ogoin:  multiplicity of W in CTGI is ohmi).
If H obelian Ind@IHI = CLGI, ohich containe olk imep of G
Moresver GTEH]=§V: ool MCEEHJ=§IIA0!(VH
W imep of G = W 13 Contoined in 0t lenat one Trol(Vid> => dlimWw < [G:HI .
Gor. Any imep of Dan on D is at mest 2-gim'l
%C: Both Daon ond Tan Cortain indkx 2 (nowmal ) Subgroups.
! I
l 9%/n—->D¢2n—->Z/z—>l
| — Z’/zn——’ Dan — Zh— |
4 -3 :



I 15A—SB—>C—1 N a Shrt exat Sopone of groups

- B fomuedmextens;bwqubaA

* An extension is splt jf l—eAﬂeB:}_C——*: 3y st Po¥ =Tdc

Then B b colled the Somi-dlirect prodtuct of AAC : B=CXA. It & deterrined
by C— AuttAs . viey>-a=a'vics .

® Dn is a Split extension, since Dn Contoins many ordee 2. eomenty creflections )
not in the kemel Z/n ¢ rotations)

® Dn M ot & Split extansion, Since Dim S Suezs dloewt contain ony orclen
o element other thon -1, which I in Zfan .

° If nk odd 11— SOty — Ony— Z/2—)

-1 <«

omd, -1€ Z(0m) = Om = SO x Z/>.

° ngme(:n'c ond  Exterior  Pavers

V vector gpace over b, cherk =o0.

V' Sh Y Ve U@ ®Un)= Vrn® - ® Vo

E"V . the subspace of Sn- invericats

NV the subspece of Signeol  Sn- imiariants

In portidor, V&= SV O NV, ond if 4V vy b o book of V. then {uiayjtiq
8 o bab of MV awl Ui /s a bosts of SV

But if n>2, V& =S"WOA @ dher tems.

FHYW = W=0W": totyprd decmpaitim. W!" sits comomicatly insde W -
Wi ® Hom(wi, W) — W . This B & homomophim of rep's amol the imge fo Wi
(W, F o = fuo)

Note that, hooever, i niz2, the choices of Wi = Wi®Wi@- & not momioo.,

Eg H=G3V = VB=PVaNVeV' amd SV caubts of tril reps and
MV comists of sign rep's. V' Comtsts of the sther rep V* of Sa.

In genenod . if Vi Uk b booby of V. {Uin- aVin Vichiccinek fa O bagh

Jor A"V (neky, amol {Vi-Vinbiciemcinck b A bt of S"V.



In portiouler, AVt 2-dim'l, Spanned by ViA-AUs.

Now GYV = GYV®" gui@-—eun) = gud--egun.

This action commutes with the Sh action = (G Y SV amd A"V reopect«wlg
Hoo to compute chemcters of AV amd S'V 7

n=2, Chome o koo st g= (?,'“-j\:). In the beats dUiny;s i geuviav))
= AviAY+-- . = Trgey (@) = %)\")\i . Morewer 2= (o7%) = g = A
= trpvg) = ?2—7 W FUZW - A = 5_"((1‘,7\,(6>)2— try @)

Sy trsw gy = £ (o™ g™ ) .

® Linite Su.bgmups (f Sue)

SU2) = {ue Ma@ | UU*=I, oktU=1} ={(_% 2)] o*+ibi*=1
=3 1> Z— Sum;‘f’r SOy — |

Finite subgrups of SOR) are:

Z/ Dr Aa S4 As
cyclic groaps  olihedd groups sym. group of sym goup of  Sym group of
‘O 70 o~ Olteabechon

Storting with HE S0, we moy constuct @) € SUcay . Note thet D, A4, Sa
As howe lots of elements of aroler 2, while SUc2y hao only 1| owler 2. element, yomely
-1, thus @7(H) (H=Dn, A4 4, As ) are not Orect prodlucts . Similedy @7 (Z/an)
oot be Zfonx Z/2, othenobe there would be more thoan | sler 2 eloments

Thus we obtain A Clowsification @C ﬁm‘e subgroups of SUC2)

qyeic Z/n=1(] p)l 3=€} . =

binagy dlibeolwd group - D2n (ool = 4n ) =<(§ ;") (5.), 8=e™>

omdl 3 exceptional Qroups: Ah =P A, Sh=0"Ss), omd S5=9Ss).

An imeresting ﬁ\d‘: S(,((Z)/AE fo the Poinawd homologg 3- Sphere.
HicSUR)/AEY=0 Snce [A5, As1=A5 (nmote that [A2. A5 i o nomel subgrmp
of A5 of index at mt 2 since @CAS, A5 1)=LoAd, ocAd1=[As. As1=As , ond
the Sequence |—> Z/r — A5 — As — | qmmt St )

= TTt(Suczu/AEFAE = H,=T/tm m1 =405. Moreower it's orientd sinee Sll2) B Cowerted
and eoch Group gement action ky homtipe o lrtity). = H = Ha = {0}, Ha=H=Z.



® McKay Correspondence
G < SU) a finite subgrup, then G am only be:
Zh , Dn, A4, SF, A
Given G, we oy conctruct & goph T'= TG calleol the Mckby graph.
Verticen : irrep's
Eolges - iff Vi SV/@V . where V 1o the stawolandl rep of Sty on & restricted
to G, then comnect Vi with Vj with om edge.
(VieVev => 0 Hom( Vi, VjO® V)= Homg ( VI@V?, Vj) = Homg (Vi®V, V)
The lnst Step holols since for SUC) tand 1t Subgraupsy VEV* T VOV =SV A
but A'v=C i or con be seen as follaws : v ge Sy, g~ CA ) NE=
N= X 2 i@r=da b Gy = Aed¥= XA =t
V to irreducible iff Gt nonabelion ¢ not Z/n )
IJC Gk abélion, the Mcl(wd greph is like:

Prop. The groph G is comerted .

PF. First of all . w2 moy ossume G is non-abelian.
Since the only abelian cowen have c«mnecteolgm,o/wmnbcve
Thus \) /4 on imep owd & and V' ore comected]. o——o

F Vi€ th comporent = Vi — V; —Vk ~-—V aml Vi S V@VE Vk@®VBVE
S VO-®V=V" for some m. = (Y, W) #0

IF Vi & this compmant, (i, K> =0, ¥m. Othenswe. o~ some m . hui, A"y 0
Vi€ Vi®V oo sme vy € V™7, Similoty, \V; EVe® V for sowe VS V™, -,

Ve S Vt®V fir gme SV omd Y SA®Y => Vi—V,—Vk— = —Vs—Ve—&
contradliction.

Now ’Xy(@)-)wl"ec-z 21, whee i G— 2,21 1 lﬂb
o= X, M) = Lex 51 oc,rgv)cvtg) L & > Xig) ‘)‘0‘“)‘6—' ‘

= 0= %%z@;(&uﬂ M = =™+ Z 'x.(gaéiﬂi\i) ._L.

-2 2

=\
Butgzl:il (M) —0 = 0= |+¢-D" +Oa> vm, Cortrooliction . m|

v

Now gc (Vie=Vj®V) hos mu[ﬁbb‘a'tg 22 ( yhich must be auel to the multiplioity o



Vjes Vi®V), Sine Hom(Vi, Vi@V) £ Hom(Vi@V*, Vj) = Hom(Vi® V., Vj) ).

=> (pssuming OimVi 2 dimVj)  20limVi < 206m\j => gim Vi=olimVj amd Vi®V = VeV,
V®VE Vi@V, ie. only i onol | e cometed => Vi, Vj are the oy rep's of &

= G =41y o Z/2, wse Mckoy graph © like :

L) (-
wm{mnberea&zeolaaecmcmeogc&.ez/n. ;2\7.
There ore other graphs

' |
ek f 2
l Sn | 2 3 2 |

z = I3 Es

2 3 4 3 2 | 2 4 6 B 4 3 2 |

Thm. The only grophs L7 with ceight numbers ol usigned o vertex  sathfying
20i = ZOlJ ore the grephs Uoteol obove
RF: To ead'l grsh Sty the equatin we assign a. vector Spoce IRT with basks de:§

whee 4 stomdls for verticed . omol Jnner product  (€i.&) = f =)
- |-
(o] othé/wbe

For itae "= , IRY=Re,, (e,en=2 e,
=e—e, RV=|Re®IRE: \ﬂ—’e.

Lemma: The inmer product for o Mckay groph # pasitive Sem-dlefinite with null
Spoe Spanned by wo= S diei .

Irdeed, (00, €)) = X (diei. &) ~Zot,ce ) +djtg. ey =204~ Zo&—o
= ¥ ve IR", (wo.ej)—
Now assign each ed@e an orientotion o keep trock of Computations: carbitrogy)
Toke = I'x, , then

0< Z olidlj %‘J{-f 3 J

win



__Z _ X Xy /Xz
%5 ﬁ“’jfa‘ >+ )
= Z(—w‘“l —29(1’)9 —t‘w )

l—’) i
= 5% -—2Zo<.'x+zd'/x-z
l—")%d ) J"Idj J
=2§,o&“' —Z’Z_’)’X)’X)
= 2Z’x. -2 T XK = (0, W)
=)
= (10, W) 20 _ i = —’ e W= Ao O o lemm.

Lemma: If the connected 7 contnins o. proper subgraph I which t a McKay
Groph , then the inner prooluct on IRY 4 ndlgfinite.

Indleed , there are two e to Consider :
o If I contound o vertex not in ', soy i€l’, &I
woé}ezrlogej ard e hove

(00, W) SO ( there mught be edges omitted
beteen vertices of L7 inside L7, which contribute
to multiples of n's.)
Toke L= wotECI , £>0, Tthen

(W, W)= (Wo, Wo) +2(b,Ei) & + 23
(€0) (<0)

(W/W)<0 when £ << |
(2). Al vertices are in 7', but some edpes ane omittedl . In this v, (0,000 <0,
Since the omitled edges Qe back mltiples of (-1)'s. O of lemm.

Thm. Any (simply-loceol) comnected graph 15 ameng:

Dykin Affine (McKoy) Trolefinite
Ap. oo -0 An

o—o—a<: ~ r NN 3
Dn Dn (IR™, ¢, indefinite)

Ee:O—&—I—o—o Es
E?:'—Q—I—o——o—o /l’::;
Ea-.o—o—l—o—o—o—o gﬁ




Fon Dykin ﬁmphb,(lQP. C.)) b pwitive ofinite; for &;ﬂ:fne gmphA, (RE ¢, M
paditive Semi- ofinite.  (Dyein grphs ore obtained from affine ones by removing are of
their weight one vertices )

Pf: By its clefinition. Dykin gaphs cesign  pmsitive dlefinite inner pmoucts om IR™ ince
IRY b o subspace of o. positive seni-defiuite space tramsversad to wo we corstiucted
We wil shoo that if amy greph I which is reither Dykin ror McKoy. then

[ contoind propedy o McKay graph I7'. Then by the previous lemmo. . the
inner prodluct associeteol with [7 & inolefinite.

0. If T contoins 0. Cycle, then it contains An propedy.

6. If I7 cortoins O. vertex of velomcy >4 . then it comtains Da propedy.

(Y. If I7 contoins two ue/anad 3 Uertices . we may ﬁno{ a path wmectmg Yem .
ol omy such path ges rise to o Dn.

\\g/\»\‘/‘<\‘

@v2. If 17 contoins only | vertex of velamoy 3

Let the number of Uerties on exch edge be p.g§.r awd

without [oss of Qenerality, casume ot p €@ <r
P % r Results

2 >2 |its Dn of Dykin

26 | 25 |it contnins g? propeny
3 2 |itis Eo

2,

2 2 | 345 |it's Eg¢,Ez.or Eg @C Dykin

2 3 6 |its Eg, Note the foct here :

2 3 |27 it oonains Eg property T+t > Dykin
2 4 |4 |its Ex Ty T =l Makng
2 4 |25 |it cotoins Ez properly T3 ¥ < Indefimite
2

3




‘ 23| 23| 23 | it contouns Es proporly O of thm

In summory, we have dore .
A finite subgroup A McKay groph pOsitive  Sewi-olefinite
qf Suc2) - labewng rep's ™ innen product on IR,
And for orbitrery graphs we  have classified them 69 their ousocited immer product on IRT,
Dykin: An, Dn, Es E7. E3 |, with ossociated inner prosluct pitive definite
McKoy : An. Bn. Es, Er, B3, with musovinted inner prooluct pative gemi-olefinite.
Others . with assogiateo imner prosuct  indlefinite.
Thus we conclude that to each finite subgroup of Slt2y, the associated graphs
Ore precisely the Malfﬂag grophs . Gsunﬁng the oroler gf groap ond use the
relotion that 1GI =2 d*, we see the Covespmdence 1o Like:

| ——
~  e— . —~ »
An Cn (nzn 2 2 2 | Dn Dn-2 (n34)
2
|
{" E¢ As o—o—o—I—o—o—o Ex S

2 4 6 5 4 3y 2 | O

Now, if z=-Iza €@, then on exch irep of G. 2 acts a0 the saler 1| by
Shuns lemma.. Thus we com pactition 60U imep's of G into 2 closses . thwe ohich
Zocth pp | or thse ap - . Moeover if i—j , then Vi S V;®V. Hene if
Zocte co | onVj, them it octs as -l on Vi se z=—id on V, and if 2 octs
a8 =1 on Vj, itocts as 1 on Vi. These imep's which 2 acte as | clesconol to
imep's of SUt2y /41 24 5 S03)



2
{" g 4 Ai o—o—o—I—o—o—o f—'_v—.f 82:
*o— —

e 12 3 4 3 2 |
I 2 3 2 1

. Ee A
o—ol—o—o—o——o—go ° o : imeps of Aa, S4, As.

2 4 6 B 4 3 2 1
Moreover, tensoring with |-oiml jreps  gives Qutomorphisms of the McKay graphs
For instonce, tensoring oith one of the non-triviel 1-dim( irrepts of Ak gives
& rtstion of the graph:

o=

Tenoring
K

Xi

® Dykin Diagroms oo eyl Giroups

Egl=Ar=e—e oo |ot R'SIR™ = Spni€, . Enn} <E.8>= &

et Gi=Ei-En = <&, e>=2 <&.en>=-1 R = Spomie, - en}

Then IRT < IR™ is a hyporplone of codimension | = {v=Xui&i| svi=o}

Weyl gnup W) = the group gerented by reflections obout the plomes perperclicuer
t & =l

These reflections extend to reflections of IR™ (fixing T Ei )

Let Si be the reflectiom cbout the plame perpendiculer +o ei

Si (2,0 Ky = X — <X, @@ = (-, Ki), i, =, %Xn)

= W) 2 S ond the genenatord sactbﬁj S'=1, SiSirSi= S 8iSm ,

Si§=§Si (j# i1, in)

More M L7 s W) has olefining relations -
Si=l  SigSi=§Si S SiS;=SSi

*——o e o
i i



Eg. Dn: R™" 2 IR"= Spamig,, -~ En}

En1-En
o—aa @ — . ..-.

&-8 66 Ena-Eni En-1tEn En-1-§
o— 00— .- —/ "

Swehd Sn = W(An-1) &> WDn), Comespording 2o é-c. e-es Era-Enmi

The reflections by Ei— Em are given by:

(%K1, ==y Knd = (K, Kirt, iy i) -theﬁ gererate Sh .
The reflection by Eni+ €n o given by:

(Xy=- =, Xn) = (%), == Xn-2, = Xn, =Xn-1)

The compasition of reflections bg (En-i = En) md (Ep-i 4 End

(5= 5 Kn) ¥ (X, -=, Kn-2,- An=1, = Xn)
Tt om then be Shown that WIDn> ko the grup of permutations of n letlers anol
even number of Sign changes. => |NCD| = 2" n!

We have the eact sepuence 1—{(Z/2)""— N(Dn)—> Sn —> (forgetling about
the sign Changes! > The Sapence splits sine it contoins 0. subgroup W(An-1) 2 Sn.
(Latter we will studly a. s&ghf@ betler group G 1—(2/2)"—G — Sn—> 1. Which
is the eyl group of the Bn diggrom: &—o———e==e : Bn Dykin dizgrm.»

Prop. W & finife.

PF: Let IR be the inner product space cascciated with 17, oml /\= Ze @~ @Zen

the integrod lattice Spomnedl by €,--.en. Then A\ k pressred by the actions of W
gj — g- ergpei, eigpHe R,

Moresver, \W to @ Qrowp of kometres , thus preserves vectors of lenth” 2 =€i.e) .

Hovever , there are only fitely mony length” 2 vectos in the lothce .

Now, WY 1 Wee, e, En § 'é'miﬁuebd . with Stoblizer 1€§ = [Wl<w. O

® Renl and Quatemionic Representations .

Rewll that olim of on imep divides 1G] ( cver C, yot true for IR)

If Vionimep of G/IR, Enda(Ry o a divsion algebra. over IR
Thm. IR, C, H ore the only finite dlimensionad dlivision olgebras cver IR.



IR reol rep
Endg(\V) = {q: : complex rep

IH :  Quaterion rep

E.g

. real rep's : trivied rep's of omy G : omy rep's of Sh.

@. Complex rep’s: Zn VIR? bd rotation

®. Quaterion rep's: G S SUty e IH* Y IH & IR*, acting by left muttivlication.
It commutes with right multiplication by elamonts of IH
If G loge. say. contoining Qg =41, 14, £, £hY. then
the rep must be Quastemisnic.



82. Lie Groups
® Definitions
G is alled o topologicnl group f G is a group co well 0o o tpdlogioel Space,
arol theve Stmictures cre compatibe , i.e.
GG —G @hgh 5 GG grg

ore Contirumoud 1ops.
Ex. G b a toplogad goup ff GxG—G .(g. hy—gh™ o continuma .

pf: ‘&' G- GxG (qr> e.@)) M Continuous, thus the compmiton mop
G—GxG—G (g — .gr— § b cotinow) Futhemmome GxG—GxG— G
(g hre (g, b7y — glh™™=gh ks Continous -
= GxG - GxG— G - (g.h>—wg. h™ — g-h" b G Composition ?f amtinuous
meps. |

LQ:G—"G h—gh ; Q3=G—>G= l‘thg are  homeomerphisms |
Moreoer the Conugation mop GxG— G (g. hy— ghg™ is a Continuous map.

E.q.

|),86 is quscrete pith ohsorete tipdegy cevery set I8 open)

2. G indecrete. 113 S G b then o clwed nowal subgrowp of G oand GI41Y ks
Housolorff: More goverally, H o subgrup of G => H b a claed subgrap of G
H=H = G/H b a Houdsff Space .

Prop: H S G looally clused , then H 1o clrned .

Pf: ’Lom//Ad Cleced " means ¥V heH . 3US G open and UNH b cloed in U
Take HEG = ):|=J',LH6.- @'eg_ Furthermore  Hg: & H homeamorphic by Ry
= Ry (Fy= F-§i= Hg But sie Ry b also o homeomsghism of FH . thas
_\-—1-8i=;\ ond Hgi o olense in =

Next, gince H is locally closed , H R open in H, similacly for Hgi. Tt folloas
that Hﬂl—lai-—#CP =>H@:=H,Vg.'=:>}:_\=H. O
For IR, Cloed subgroups are {05, IR or Z-a . a>o.



More examples are supplied by Lie groups. ceg. GLn(IRY, GLncy, OntiR), - )

Profiwite completions.
G G—Gie— 0 :Gun—Gi. We moy ossume Q's ore sunectie
Then fmGi b a Topdngical group with profinite Lopology, the reighborhovod of
/deﬂﬁtg I giuen by Setd 9‘ t/leﬁ‘m 0,0, % %,
Ex. » G is homesrorphic to the (ontor Set.

2.(7 i8 & topological group , amol totally oliaconnected .
Exompleo of profinite groups : Gl(F/Fy 1here F o fidlol , with Kull topology.
GMEH@F% ¢ G—G . oonpletion of a group with respect to finite quotionts )
X on algebmic variety , Ti(XY ks then profinite.

® Lie Groups
— Topologioad group with smavth momifold Structwe . st
GxG—@G, g . h—gh 5 G—G g—g e snoth

Pep. G a Lie goup. Go: comected component of G contnining 1. Then
Go<d G omd G/Go is disorete omd 1 —Go—G—GlG— 1. G b
the dhojoint union: Gi= LL §iGo g € the i-th comporent of &

PR Go is mmal since Vge G, gGog is comected , Oliffeomerphic to Go and
Contoins | => GG = Go . The other statements oo, O

3 Lie groups Ciffesmorphic to S'1LS'
S0y x 2/ Oy ond OZ; (These are the onlzd 3 possibilities
Sue € Ot . .
O | | aw 0b (T 2SS
SO0i3s = Oy
Note that while 1— S0y — O) — Zh—1 kb split ¢ -1 (8))
the sequence [— (/LCI)-—>O?2_)—> ZL— 1 f rot. ('l'heve/bdn(@ !
ovder 2 element in SUc2>. nama&d ~Taxa , but lies in U )



The MaKoy gmph on be extended to infiite Clined subgroups of SUczs

1€ I

Uty: -~ —e—o——e—e— Ench imep of the fom 22" €GO

- 1 ok 2 2 2
Oc2y 1:%.—‘_._‘_
3 4 5

SUay: 2—3—0—0—0— 1 irrep in each povtive dim: VOS"V > S™V @ g™V
SV imedycible of olim = n+)

Prop: The univenal coer Gy of & Comected Lie grop Gro hoo o notural Lie
grup  Structure. O

Eg 802y =IR, SO = Suezs.  In geremd . TSOmM)= 24 (N23)
omd the wwiveral dowble cover @E 80ctn> ts Spincny. Spincny has
{oithful 7= represontations.

GH.c . left multiplication by an element heo o fixed pont, by Lefscheta frxed
point fheor&m, af we tfoke gt
Pop: G compact. non-dhisorete = 7X@y =0 O

Def: HEG o a L Subgmxpf/flsbaﬁzasubgmpmdammﬁld
HxH SosH = m smoth ino H. In genered, if A.B, C ore omath PREN!

f f monifolols ardl FLAYSR . B a submomifdbl of C implies \ f
GG">G A—B 1 Smoth.

Rk Any cliced Subgroup of @ Lie group is a. Lie subgroup.

@ s (8™, ™)« imtional fo subgroup of T

Which K nst cloed.

Eg.
. GLn(RY ond GLn@) ore Lie Qroups
. G, H Le gops = GxH kb a Le goup



. Clossiced groups. GLeny. SLom, Ot Uens, SUony Spensy ete.

Pop. A nomal disorete Subgroup of o connected Lie group is centrad..

PF: He G olisorete . nowad. => Vgl Sy in sme small neighbsrhovdl U of 1)
= ghg'eH. ghgt~h. =>ghgi=h The & tue for all g |, sine n%;’z:uﬂ:é
> he ZG) =»> HES Z@®). O
GLn(Z) S GlatiR) Oliscrete but not normal. .

Cor. THCGE) is akelion (G conected)

EF: Toke the universad Cover é qf G = 1—->m(€r)——>g—->G——>1

= G < ZG) snce it's noml = Q) obelion.

Anither prof: Toke okt), Bety € @ = pto=onfs) s T— G
= ollt) =Peluch) BtI=RuVet) omd TTH b abelion.

Ve |

E. muG)y=0
M@ & Z"  (twsion free)
o AN

A€ Matn,IRY (oo €), expA=Z, T (the sum cauprges unifsomy ardl absolitely )
o exp(BAB™ = BBV g £ A 3= BepAs”
® oxp(A+B) #+ expA expB unless AB=BA.
o expAt = (expAT, exp-A) =(expA)”
® exp: Mat(nIRY — Matn,IR) is reol omlytic cSmmth) omd O 1

dexp, = Tdvmmiry = exp b a oliffeoworphism frbw: A Neighboriumol of o)

to 0 noighbohood of T (Tweee: logeTes= S B"

P&, < Met LMIR)

LOB(I-& )



SLen. Ry, SOn, IRy, Sken, &)
o oete* =™ In pocticulon if trA=o0, okte®= 1 amd v versa.

"'V‘:O

oxp
@ (,08 @ det:l
Fo~ SO, IR

AAT=T = A=I+tB+0t» = I=A4"= T++(B+BNy+ Ot
= %—‘Flf:o 0= B+BT

Omwae!ﬁ BR=-BT = (expB)TexpB= expBT expB = expt-RrexpB =1 .
BtB'=0

exp .
@ (n% @ AN
Uceny, SUtn» Ctoking log gives heomition omd +raceless heomition matrices )

Speny € GLinIHY AAT=T ¢ axbircjedh = a-bi-cj-dk)
Toking (o@ gives {B1B+RB'=0 , Quatermionic mgtrices |

In Summary:
Growp : GLn. IRy SLen iRy Om/Soimy Ueny  SUany  Spemd
Dimension : n? n3-i -ﬂtzﬂ_l) n* nz—| 2n*n

Prop: AU groups in the absve table ore Lie grups of that dlimension.

Prop: Otny , SO, (Ueny. SUtny, Speny are compact Lie groups.
Pf. AR'=1 = S1ai1°=1 => 10§j1 €1 = Thewe are bownleol subsets of Mat(n.
Furthervmore , —L-heg ore clowed since they are oefined by 0 of polynominds. => Compactness.

=
Thm. Awy compact Lie group hao o fiite cover G st G=T"TIG, G ooy
the Gist { Spincny 23y, SUceny , Speny , E6. E7.BEs e, Ga b O

Here Oty (Spincnyy  are gymmetries of IR", <xy>= S i, yie R



SUem (Um) — are symmetrices ‘.’f ", <x cd>=29<:g,- x.Yyiel
Spm ore symmetries  of IH", <xyp=ZxG iy €H
Exceptioned Lie groups ore ymmetries associated with @ : octmions.

® Vector fields on momifodls anol Lie algebras

A smoth vector field on o monifld M is given Locally in a cosrdlinate chact U
by = EOos | whee U R™ € M.

We odopt Einstein's Convention .

M .
a‘(«) gxl = a(?() o 35' blly)aag. a;/ = blcg.) aag“, a(“(y.))

a bzl oxi T 2xn
Write O.= a) b= b) =>B=Jac-5.\,mhe/eJac=<§
o o4

Vector fields act on smmth functins Fe CIM)

Zfy £ a"con—g-f—,-m » well-defined and inolependlont of  Cowrdlinate gystems.
Z: C i —C

n. ¢ IQ-(A‘meM'tg ) Zeaf+ bg) =alfp + bl , a.belR, f.geC“(M)

2. (Leibuitz ruley Zcfg) = §lf> +FLep

ie. £ ks a dervatin of the algebra C°IMD

For oy olgebm A cver k. we con dlefine DertAs = 1k-linear dlorivations }
oe Dertd). d: A—A anmd dwbd>=da-btadb, Ya beA.
DertAy B o lk-vector spare anol i O, Oz € DertA) = Loh,0:1 € DartA)
"pf: Lol ob3coby = Loz aby - oladh b

= oi(0ho-b+ a.0hb) —datdia-b - aob)

= oldz2a- b + d0.dib + dia-dxb + Q- diohb

~oaolia-b - da-okb - daa-dib - agholib

=[ol.d:Ja-b - a Coli, o21b N

Fact: Any derivation of C™(M) Ccomes from o vector fiebl.



ie. De DertCUMY) &> Difr =8 For a unigue &

3,7 vector fiedls , [&8.01H £ 3nh-nifH is then a derivation.
In o comdinate chart 3=0i01, L=b3j = 3, £1-(0' 2 - 622, 5
In posticuler, L i, 0j1=0

Vect (M) = oll gmooth vector fields on M, an IR— vects space.
L, J: VecttM)x Vect(M) — Vect(M)

Def A Lie algebra. g7 ver o field |k is a k- vector space coith o bilinesr
mep L. J cLie backet : Ox g — ¢ which eatwfies

). Skew-symmetric : Q. bI=-Cb. 23, Ya. bed comarlk %2

2. Jacobi iglentity : LA Ch,cI]1+Ch.[0.A37+CC LA bITI =0

A Lie subolgebra @ggl‘c Q. vector subSpoce Closeol wnder T, 1.

Examples

0). Vect(M). (needs to checr Jocobi's identity)

D. A: omy associative algebra. cver k. Then A con be mode into o Lie olgebra
A by oefining Ta. b3 = ab-ba . Jacobi's identity o verified by o Orect coloulation
For instone, A=Motcn;ky , A-2 g@m. lky= Maten, lky. V a. be gécn.uo,
tr(Ca. bl =0, ie Lo, bl e tlnlky =1 tmeless matrices in Maten, lky}t. Thua
Ul b a Lie subalgebra of glen.k»

I chork + n. glnky=-lwn, ky® kI . But if chack [ n this is nst true, sice
tr (6 -1y = na=o0,vaek, sine cherlk | n.

2. A: oy olgebro. e Ik = DerA is a. Lie olgebra

Thus A mws DentAy e Endi(Ar= glAy . e donit reed A to be assoontive or
conmutotive , but only requires o product Structwe AxA —A.

For instance A=Q octonions, A=IR8. DertAr= Gz : o exceptionad Lie algebra.
®. Clusiood Lie growps

er,P | SLcny O /S0 U SUtny Soeny
Lie(@) :|-tLen -gocn) uwn —Suwn) Bpcnd
troceless un | troceless ontigretric | omtihermition | ~troeless onti- | quatervionic onti
mpdriced yygtnicea madricea hervuttion ygtrices | hervution matrices




Deriuations / \ector fields ore infinitesimad  Symmetries in the foaow'na Sense

A: o finite dimensionad olgebra. over IR, (C), omd D e DertA)

Then expD o a well-olefed iwvertible lnear map with inverse exp(-D».
expD € AutlA), in 'the sense that expD(ab) =(expDadb + A(expDby) .
P expDraby = > L Db = f—n'—»f (2)D(D"*b)

n=o nr
-
- r\fmci “‘Dkacvx 5 Db
-]
= Z. K|DKQ Z _VWFDmb
K=o M=o

= exp(D) (@) exp(Dyby. O

In this cue Daro o 1-pammeter group of automephisms of A: exptD), Shce
+De DentA) ; and Sinee D . :D1=0 => EXptiD) expttaDy = exp( cti+tayD) . Hene
IR—> AuttAY ., +— exptD)> is a group Aomomorphism.

In geremd , the Coaept of exp runs into truble over finite fielols Ik or chmA = oo .

thus it doesnt mpke Sense to opply s Oefinition.

E.g aeMatn.R), then we can cuscoiate with &. a olecustion Da.: Evd (Maten.R)
=End(n%IRY: Dachy £La.b1 (Its a dervatim sine [A.[h.c11=L[la.b3.c3

+[b.[a,€11.V b.c e Matin. IR, by Jacebi's idlentity>.
Then (expDaye GLc* IR, amd

(expDa by = ﬁ - T D;'irb; = b+ La.b1+3Ca.Cabiz+ -~
, Z (-t)"_k(ﬁ) akban*
o k‘.a',’.',": o¥bon*
S g0t b (‘nll)c)'

- ¢ -t

Ms
|_

-

3
n

(-]

3 I

Ms iMs

- h—k

x
8u
(-]

exp(m bexpi-a)
Usuolly Dby 2 odachy .  expabexpr-ar= Adiexpantb) » O~ fe?

1

“Tongent vector us. vector frelds

A tongent vectn to M at p is @ linear map ot CZ(MY—IR st
a(fgy=fep> ougy + gepr oo

TpME Jtongent vectos at pf s a vectsr space of dim=odlimM.



M-LsN  emooth map . TpM A, TpN bﬂ the Commmtative obicgrom:
R .

-3
Civh <25 CoNy
l:jc Y: M—N i8 a oiffeomorphism, then ore con tramsfer myﬂu‘ng on M+t N,
includling vector fields. B Vect(M) => (%) € Vect(N).

\\\\ dyp(ﬂ)

G: Lie goup. g=TaG. If ote TuG . we com define a vector it on G

Lg: G—G [eﬂ' tromdption => gu(Q): /._3* o). s then left imarint.
Couerely. evey left ineriont \ector field b defined by Su for some ote Gr.
Morever . if 4x, 3 ore left jmariont, then 8o /s [« 2p1. Thw [ 3p1=3p
for some Ve Defire g2 V. Then O becomes o, Lie olgebra amol
ge \ect((F)

Now since G =TG odepends ané’ o Qa neighborhad @C | n G (since multipliaztion
is continuows . if U I a neighborhovd o 1. then 3V a reghborhovd of 1. VEU. V=V
ord VE€U) T if @:Go—G b a hommophiom of Lie groups o wed os
0 Covering mop = TG = TaG,

Thus if G is a Lie goup. Go 18 comected component contoing |,
wer of Go. TG=TG=Tih (29>

G‘omemw

Eg G=GLmn R Mt R =R TiG=gln IR = MatnIR)
(e 1o See that the Olefintion of CA.BI1=AB-BA agrees with that of left
ineriowtt  vector Sfeldl.
Ae g»fm IR)= Matin. IRY = ZA(X)— XA , XeGln.As
More preciely. Ga(X)= Z XikAxj 3G ax)
= [, Zegl= EXIKAK} a’j XuwBwv Suv J
= Ay Bwv((ag Xuo) Xik duo = G ( Xik ) Xuw Sif )
= Akj Buvldiu ij Xikduo — Swi Suk qua»)')
= Akj BJU Xik v —Akj Buwk Xiboaj'
= Akquj Xik ()') - AujBkquk 39‘



= Xik EA-B]Kj af)'

Zra.81



§3. Lie Algebros

The tnesy of Lie algebra works for mare general frelos thon IR or .

L: Lie olgebra over a ﬁe[d k. cherlk=o.

Def: LS L 1 colled o subalgebra if Li b o subspace and CL, L,1<L
L <L is called om il f CI.L1ST.

¥ I b onideal, LT b a Lie algebm : [a+1, b+115 [a, b1+1.

We hawe a short exact sepuene: o— I— L—L/I—o0

E.q
l).gl_ is colled obelien if CL.LJ=o , ond omy Subspace TS L is on jolead .
2. ael, kacl is an abelian subalgebra.
». diml=2, Chose XY o bashs of L.
[x yl=o0 = L abetian
[%Y1#0 = [X YI= Ax+d4 . (W.LOG aswme bzo)
= [, tax+bypa= ox+by let Y'= 0~X+bﬂ , o<’=—9<b—_
=[x, Y'a1=y’
This is a Lie algebra. ¢ by checbinﬁ the Jacobi‘s idlontity ) -
Cx.Ox Y31 + [x. LY. x31+ LY. [X.X33=L[X Y3+ [X-Yyl1+ 0 =0
[x, Ly Y11+ LYy, x13+0Y, x.y1d= 0+ [Y,-ya+ly ya =o+0+0=0
The only ideals ore o, ky, L.
In fact if ox+by spas o nontrivel ilead =>[ax+by, yI =Aaxtby)
= QY= Aax+y => A=Ab aml la=o = A=0.
4. <lea, lky : tmoceless 2x2. matrices
E=(o0) H=(o) F=(79) = e ler=kE @ kH @ kF
omd [H El1=2E, [H, Fi1=-2F, [E.F1=H.
Thus thi2, k) b o Greded olgebra , groded by the egenvclue of ooty on 4z ks

Cloim: liz. k) hea no won-trivial ioleals other than o or rtself: e (E )MF 2

Infm. toke I+0 om ideal, o+x€I, X=aE+ bH+cF y H y 0
E

If c+0, [ELE, xJ1=[E, 2bE+cHI =-cE €1 = <|: ) -2

>EeI = [EFI=HeI=>[H Fl=-2FeI = I=#c2.k)



If c=0,b#0 = [E. X1=-2bE €I =Eel => 1=k, as aboe
If b.c=o =>Eel= I=%nlk s aboe.

Def. A Lie clgebr. L is colled simple if oimL >) ond 0. L are the only ideols
of L.

Thus . 2. ky M Simpe , in general ik s Simge cn>i), by using o,
Generalized  argument o obsve.

Toleals in L
Note that CL.L1 & an ideal of L (by Jnwobiss iddentity). Thus if L A simple
CL.LI= L (Simpe = non-abelion )
¥ o:L—L k& alinor mop and [Qx) . QuplL= PCIXYILY , then ¢
iS Q. homomorphism of Lie olgebres ord kerqp 13 om ileal of L. IDdleals of L are
in 1= 1 Cormeapendence wdith epimorplioms of Lie olgebras .
Z(L)E{xel|x.L1=0} b on cabelony idesl of L. Thu if L b Simple
ZLy=o0. eg Zsda k=0, Ziglzky=kI.oml ¢k = k>@kL.
If I1.J are ideols, then so & I+J omd [, 31 cby Jacobi's iolontity )

Foct: we cannot clasify finite olimensimal Lie olgebras in genenl.

Eg. VW vedts spaces. @: A\°V—W a sunective Linear map,

Define L=V@&W , with [, 1 defined as follsos :

Vi,VaeV, wi,waeW. LU, V2I=@Q(VAV2) ; LU, wI=0 i LW, Wal=o,
Then WS ZL)Y, CL.LIE€ W, [L.CL, L11=0 (Jacwbi is then cutomaticy
Problem - Classify such Lie algebres up to isomovphism . o equivelently. cleasfy Such
¢'s upto the action of GLV)x GL(W)

Chase o. boats for V omal W respectively, @€ Mattm 2L2) (if D82 5m, @ sug
IS then om open Condlition )

Mgy © Matm "2 [ GLimyxGlomy omd  olim iy = m. 8L _ 2 _ 2

(If m=n , then OlimAdigy>»>o0 if n=m>o!)



Solusble Lie algebm,
Loamwr L= L, LT LD O] amsoomes L2 [LD) 007
L & called Solozble iF L% =0 o Some 4.
Eg.
). The Lie afgebm n eg. » above is Solable.

L=kxe@ky, txoyr=y => L=[L.L1=sky ad [L? L"]1=0
2). The Lie algebra of cll upper trionguler matrices.

***l‘-*

tinks 2 {MeMa’rm,lk)' M=( *:'i*) }

*
%

Properties:

0. f TSL,om ickeal, 4 solvnble ard L/I o Shmble => Lt scunbe.
In fuct L/ =0 = L"cT I¥=0 = L™ < 19=0.

2. I 1,J are solusble = I+J & solvable.
In fect, 0—=I— I1+J— 3/103 —o0 aml I, J/1n3 ove sohnble.

2 = Any finite dimensioad Lie olgebra. Contnins . unigue moximed  Soluake idleal ,
colled its redlicod , omd  Rad ( L/RedL) = 0
DquV?SSI'GYl-' A:a ﬁm’?‘e ohimersioned,  pésociative a/geém. over k.
The Jacobson redical of A= J £ N oll moximal [eft idlenls
= moximel nilpotent 2- Sicled iolead

= 0->J—A—AT—0 ond AT b som-Smple.

A is cllesl semi-simple if J=o.

For example A=IRLGI, 1Gl<a, A N sewmi- simple.

Somi-gimple A’s are direct sums of matrix algebres over k-clinisim olgebres.

In Lie olgebra coses . Semi-Simple Lie algebres com alvo be clessified .

® Representations of Lie Algebras
L: finite climensional Lie algebra. cver k.
Tn cose L orises 0o the Lie algebra of o Lie group. Then o homomorphism G— GL(V)



r | = Lie@Gy — Glvy = Maten. k)
Def: A rep. of L 18 o homomerphism L— oltvy of Lie olgebros. On eguinclontly
LOV— V, QU i—»xu , X Y1@V — A(Yv)-Yxv). Noe that Xy & not
necessrily on element of L.
We sholl study the category of L-madides ( L- rep's s
Rosic proporties: ( compare with finite group representations )
D. Triviad rep: L.— o0=sglv), vek xv=o, vxel, veV.
5. V=2oW o homomorphism of L-modules , i.e. @ commutes with L - actions.
Qux-vy=x Q¥ ueV. Then. kerp. Imo are |- Qubmodules of V and W
respectively .
3. 06—\ — W . (Submadule), WiV M an |- module.
4. VOW & on L- module
5. VAW » on L-module
In cose of (Liey groups, GYV@W: geuew) =guegw. Now Lie alebra # an
infiwitesimal approximation of Lie groups ( linear approximationy, re. §=1+tx + Oct?,
ﬁw‘ Some x €L
= (+1tx+ Otd) (VW) = guuow= gu ®gw = (tx+ OtV ® 1+ tx+ Ot w
= UBW + T (XUBW + U®XW)Y + Ortd
= X (VW) £ XUBw + VOXW.
This to well-olefined , fo 'S ecoily checkeol that [x. y2(V@ W= (CX.y1-LIB W+ UBILAYIW)
CX.YAVdw) = X (YIUOW)) = Y (X UOIW))
= X (YU + v@yw) — Y (XUBW + UBXW)
= XYvBW + YUBAL) + KUBYLD + VXYW - YXUBL — XU - Yu@aR - U@YAW
= (%Y -y XKIVB LW + UBILAY - YX)w)
=(I%,yIvew + LB YIw)
Moreover, we howe Qroicol Momorphisms: (U® (VW) & (UeV) W,
A A(UBUOW ) = KUBVBL + UBXUBW + UBUSNW
VO k 2= \/ (k: triviel rgpy = X (U@ =X-V)®1 + VBXI= XV |
P: VOWL WOV @uewy=weu s an infertioiner:
PUXUBW)) = PIAUBW +UBKW) = WKV + KWV = X (W) = X-{PUBW))



6. C&njugode rep . V= HompV. ky - fe V¥ Agoin o Group elements g€ G,
g=1+tx+Octh G-Hrn=F1gv) O+ 1tx+0t3F) ) = F €1~ +x+0ct)-0)
= i Henr2 fr-xv = -fixw.
. Adpoint rep: LIV=L : LOL—L. X®Y— L[x Y3
or equivalently, L — Endll., %+ odx , (60lx(y)=Cxya)
It's o representation Sihee [odx. colyd = odexya .
This b o Consequence of Jacobi's wlentity: vzel
Codx. adyl (2) - adeaya (2 = [x.0y. 221~ Cy, Cx, 231 - LCX Y3, 2]
=[x, 0y.211+ LY, L2, %11+ [ 2. [x. YD
= 0.
Gubreps of L . ISL ha subrep<>[L.I11€1 <> 1 i an ideal of L
Eg Lxkxelky. [xyl=y. I=ky
= 0—I1—L—L/1—0
I is a nm-trivied 1-ohm{ rep ; LIT rs the trivial rep @[ L.
This B a Shot exact Sequence of L-modules , but not split, otherwise L would
hawe o |- olim'l conter. As on L-module, L i reducible . but not completely regucible.

How to classify 1-dim'| rep's of L7

Veku, %.yel = xy1 v=XYuw -ymxu)=0 = CL.LI.v=0,
=> L/[L.LI Y V. T 1-oim! rep's of L <= Homy (L/LL,LI, k)
[- oim( rep's owe irreducible.

® Universal Enveloping Algebra. LALL)
Treat L os o vector space. T(L)= ,éi LE" with muttiplication \/®" x V®'—s
@.b)— aeb.

TILY M on ossociative, non- Commutotive dgebm. _'5[ 1%, Xn} M 0. bashs of
L. then {Xi®--®%i| k20, 1¢djsn, ¥vjt A a boss of TIL).

LU £ T/ T, whee T 48 the tioo sicleo! ickeed genersted by lements of
the form X®Y-y®x - (x.yl. Then if L & abelian. LI(L) 2 S(L). gymmetric
algebra, over L.

®imim)
V



TILY 2 k&, %n>. A TIL)-module # o k- vectsr space with n endmerohisms
on it. A LUL)-module must Satisfy in aoldition : (XY -yx —[X.Y1)-u=o,

An L-module & the some as a /@Q‘ LULY-module  L\(L)x V—>

For on cebitmy ring A cnon-commutativey . A% is the abelion growp A with o new
multiplication : b 2 b-a. TILY 2% TP : X0y — €YDen) (o0 Xin O BfKic +—>
(-D%h@ - %) Morewer XOY - Y®X- [x. Y3 — Y@x - x®Y+Cx.yae I
=> The Momorphism olescenols olaon to LU(L) 22 LILY®  Moreser, fon gy ring A
A AP = left A-moolues’ = {left A™- modules = 4 right A -moplules)y.

Size of LIL):

Toke o boats Of Lo: 4%, %nY deﬁne on orlering qc the bost : Xi<X if
i<j. Then {af x| Gizoy b a Spaming set of LUL).

Tnoleed, it Suffices to check for elements of the form XM %@ If i#'s like
YXxz, then YXixiz= YXX2Z+ Yraxiaz , ond we con chage ol %X into
Xi .

Thm (PBW)Y 4% ] izol & a basks of LIL).

Cocfegoﬁeoi Tnterpretotion: A Al
Cat { Associative algebfmﬁ fu:L;_-?L (ot {lie olgebras'

Then : Homg,, (LILY. A = Homa (L, A™)

.. The universal emeloping olgebra finctor L1 ks (eft adjoint to the Lie " Sfunctor
which B Q ﬁgefﬁd ﬁwncﬁsr\ ( oy casocictive njgebra o a roturst Lie olgebra
Structure , toking Abe ﬁrgem ita easocictive clgebra Structuse. )

Usially , free object functors one left cdjoint to Some forgetful unctor,



84 Nilpotent ond Soluable Lie Algebmzs
Goal: o clessify oll simple Lie algebras and their rep's.
Def: Derved series of L@ L"=CL, L1, L®=LL® 101, L% Lo,
Lower centrol series of L: L'=CL,L3, L*=[L, L', "= [L,L*], -
L s colled sochle jf L% =0 fir some k; nilpotent if L*=0 for some k.
By olef, eveny nilpstent Lie algebra. is Solunble . but nst comverely:
E.Q. L=ll<9<®ll<g, [M=]'= ky ; B = L5=---=lk3.
The Foct on poge 29 shaws that it's impossible to clessfyy ol nilpotent Lie clpebres.

E.g. “+wmny = L.A. of ol upper trionguler xn madrices /3 Solwble but net nilpotent;
totm = L. A. of all Strict upper trmulor matrices 1 nilpotent .
The above kxe lky = te2) € gl2) - x=(575) Y= 5 )

Pep. 0If L & nilpotent . S0 1 any subolgebra. or quatient plgebra.
2 L & nilpotent => Z(L)+o0
a.If L/ZL) & nilpstent, so b L.
Pf: . b eay.
2. Toke the lost nn-zem term of the (mer centml Series : L"#0, | ™'=0
= [, M=o = 0%L"c ZWL).
3. (L/20)"=0 = L"S Zely =[LL"T=0 = M=o, 0

Rak: We see frm 2 and 3y that & nilpstent Lie clgebm. 15 Contructed  From
obelion Lie algebroo by oloing central extensions .

We hove the nation of nilpotent groups 0. If G b a p-growp . then it's
ralpotert : prove by letling GV G by cayjugation, the folated arbits are in Z(G)
ond |2 > and =0 md p => ZG> b non-trviel => G/2@> hes nm-trivie)
Center Since it's rilpotent ...

For the relotion between p-groups and nilpstent matrices over TFp, see Malceo.

Now aol: L—s glcLy the odjoint. representotion. If Zly=0, cd b a



Joitnful rep . L <= glely. In ﬁd‘ berod = ZcL)

Thm .(Aolo) Ang ﬁm"te dimemsioned. Lie a@ebm s linear.
(For o proof, See Neretin, orxiv 200f. 2-page provf)

Eg. U, @)= C{E,H.F}: [E,Fi=H, [HE1=2E, [H, Fl=-aF

In the odpint rep, sice E=(54) F=(73) awe nilpotont matrices , adE, odF
must be rilpstent. Irleedl, in the boots of {E.H.F)

CdE: Evso, H—-2E , F—»H = odE-= (32

pdF: E —»-H, H—23F, Fw+— o = adF-= (o“;%
cdH: Ev3E, Ho 0 , FwaF = adn=(333)

Note that H dlisgomolizoble => cdH K olso dicgomlizable ¢ Semi-simples. Tn gerermt
A= dizgh, . m) = adACEj) = - Ej ie. A somi-simple => adA seni-simgle
The converse I8 also tme, ie. adA somi-Simple => A 15 Semi-smple. Indeed, in
Torolon cononical form, A= dlegeh..-, Jny+ N with N nilpotent => 0dA= gl (dig)
+0dN , cdA s.s. = N=o0.

O’O

)

0

Prop: X s od-nilpotent iff x= AI+5 with Y nilpstent.
Pf Consioler Xeg&w@k X = ( “5) i Jordoanm mxxzumcotﬁm

)‘\._"-.
. h—"):l |
X= Rt _')“\ " = de (Ek,lm):()\l —)\2.7Ek,k+1
"l
Ths adX pilpoternt => (Ai-A)*=0 = N =Da. O

L nilpotont => " =0 &> V %, %1, Y, [, L T%nm1,4 333 = 0
Toke = - =NXpn=/X => (ad/x)""(g)zo, vyel = adx s a niptent gpemtor
on L. xel 1 calleol od-nilpotent if odx b a nitpotent qpercter on L.

h nh
IR

Eg. Consider the Lie olgebra. of L= {('A—}'B)] k what's Rad (L) 7



By drg‘}m-um, 0— Rad(Ly— L — L /Rl —0 M exact oml L/Redl i

cenu-Simple . We aon defie . map: L. — slekyx then-ky by

A8 e A-Mr , c— 25 1
with kemel = ()‘o MIBdn—k) ie. 0—ker— L— Ukyx den-ky—0 /s et
Lith Qerm—s;mple é)cw‘L‘M the Sequene splits oo vector Spaces (rat os rep's of L)
— Radl = (2 i) = Coco{(3%)

Tho R olso on exemple of RadiL) bemg Solable but not nilpotent

S
Rk : o——»an{sL——>L_“——> L**— o clways spits ca vector spaces. e
Wl 0—I— 55 K—o0 with pes=ide o Splt extension qc K by I, in which
cove L= 1@K , but [K.I1SI . re. K—DetIy: k>0, oml Ok[0.b1y =

[oka. b11 + Ta. deb1z. For exomple :

Eg o—T— IsolIR") £ Ony—1  csplit grup extomion . T: tronebatims in R™),

LA _
=5 o — t — s IR™ w0y —

| i

_" ( ‘ng \ lg‘)

If L=9gdv). The the wousl nilpstent metrices (x"=0 5 4 col- milpstent:
% f an-1-¢
Tnoleed, if- ye glovy. (edo )™ yy = Z2EX* Ty x* . and ot lecot one of
an-1-d o £ 2n. = the RHS. /a 0 = (dx)?* =0
But the coverse b not tue: X=1, odx=o0 but X"=1. And essonticlly
Tits & the only Contor-example due to the prop: adx nilpotent <> x=2d +y . with

Y nilpotert.

Now f Kes L &8 an indusion of Lie olgebres. Nickr 2 {xel | tx kIS K}
CukyEdxel | cx k1=0} . By Tacobi*s idlentity : ( CCx,y3. ka=CCx h1,y3 +
C% 0y, k3T, both NL(K) and CLeK) are Subolgebros of L.

Prp. LEglvy, Vo, I L comtts of nilpotent endomerphusms of v, then
L-u=o for some veV, v+o.



¥ L=k-x. X nipotont, then In st X"so0, X™=0, toke omy u#o ot
v=X"Us+0 , then x.v=0.

Noo we prwve by induction on aimL. B K<L M Q prper Subolgebra then
K olso conista Qf nilpotent endmmorphisma , in porticulor . coli K K nilpotestt .
Thus by induction hypothesis, we may fird 2+K €L/K st [K 21<K , ie zel
B oim NLKY, ond K S Nuk). Thus we moy enlerge this nilpotent clgebra,

( oimCL/ky=1, in which cate K must be on ideal Sinee Ck.21SK.
ond L=Keolkv es vacton spaces.
KGLC v, dimk =giml—I. By induction hypotheats, Fve \O_‘J@N) st.
Ku=o. Let W=1weVIKw=o0}. W=0. Momewen. we howe
R-Zw= 2-RW +LCR, 21w =0+ 0 =0 se thziek.
= 2IW. Ao 2 M nilpitent = Jo+veld st 2:U=0, Sine K-u=o,
we have [_-y=o0 O

Note that we hae no cusumption on the graundl field k. algebroicolly clusedl or
chemecteristic = o efe. )

Noo i L S glevy comtsts of nilpotent matrices = 3ve V. L-v=o . (owider
the actim LV Viku & cleo by nilpotent endomorphioms => 3v'e V/ikv. st
L-v'=0 or equvelently, 3 v'eV. st L-v'Elku. By induction, we my
obtoin & bests 4, uny of V st L octs by strictly upper tricngulon
motrices in tls baahs. e LSt S gfns. In porticulen, L o pilpotent.

Thm. (Enge ) If all elements of | are mlpofem‘ then L m nilpotent.
Pf. L2 glcly factons thugh L[z 22, GlL>. By the previows propavtion

LIZ(Ly & nilpotent, Thud so b L Since s o centred extension of a. nilpotent

a@ebm . O

Rek: As o represertation (L. e~ O8(v)), we hae 0K VIS VaS— §VUn=V
omd Vi =lkui+-+lkun , dimVi/Vi- =1 and LY Vil Vi-i trivielly. (& compwitio



Seres of L—modales , omdl each neighboring quotints e triviol moddules ).

Similody , we con prove :
Thm. Let L be o sdunble Subclgebma of gfcvy, V+0 over on algebraicolly
clwed. cher = o ﬁe(o{._l_han \V cortoins 0. common eigen-vectsr for ol enolomorphisms
in L.

e, FozuveV, LuvEku, XUu=Xxv, A: L—Ik a lineor functiono,

Rek: As rep's. |ku e V are indlusions of L~ modulea , with cpossibley non-trivied
octins of L o ku. Note that such I-dim! rep's are clossifled by (L/rL,13)™

Inowctiue@, we moy obtain A besls Vi, Un of vand A --dne(L/CL LIY*
st L octs as ( Aém“-ﬁx,) LV Xel. i.e. ony finite dimenimed rep of L
hoo o filtration © SV S V2 K~ KVn=V, with ghmVi/Vin =1, Vi/Vi- on imep
of L. (In porticuler, the adjoint rep of L 1 not imeducible 5 vwhile i L &
Simple. | & gleny s imeducible.

As a corolley of the thm, we hove
Thm. (Liey A Soluable Subalﬁebra of ofen. ) is comugate to A subalgebra
in €ty & glm. m|

In pertiodor LS tny =CL,L1S Cton, timI="Tomy = CL. L1 A nilpotert.

Prof of thm.

Agw‘n @ nduction on dimL..  gimL =1 & tnvisl. cobelion, alg. claeo>
K'=CL,L1 = L/K' & abelion, toke amy preimage of a codlim | subspree . oy
Kof L, thmlL=K+kz, [2,KISCLLI€K = K /& on idleal.

By inductin hypothests, FJve V st Kvu S @-u, ond ths olefines a lneor
Jonctinad A2 K— €, x-v=Xmy . ¥XEK,

Define W=Awl %-w=Xmw, ¥xek Y. Claim: 2 presswes W. Then take omy
&igen- vecton gc Zn W Suffices , which extsts since k clgebredcotly  cloved.



Pof of Claim: (from Humphreys)
VxeK, %2mw=2ZXW+ [X 210 = AX)- 200+ AMIXZDW.
Tt suffices o shoo tht (%X 21)=0,

Fix we W. Let nso be the Smelest neger n>o st w, 2w, - 2 ore
lneody olopendent . Let Wi be the spae Spommed by w. 200, 27w, (Wo=0)
VXeK, X Wi S Wi. Relotive to thlo beats of Wn, any xeK 16 represented by
on upper trivegulor matrix, ie. we con Shoy by induction that .

X2WE M2 (mod Wi)

i=0 N Trviol.
I i<k b tue X2 = 2XZN + TX, 222400

= ZONOZ0 + Weo) + 02T 2R (e, 2M'0 € Wk=1)

= A0 2R (med Wk
It Jollwos that. oo endomaphisms of Wn . xe K ore cll upper triongular with
eigervelue hxy => T (Xv= N-Axy. Since x. 2 ore both evdomurphioms of  bn
T (IX,21)=0 => nA(IX 21)=0. Chenlk=0 = XI[X 21)=0



85. Representation of ~ti2. @

U €= Cle.fhy e=(o6) £=(73) h=(:9)

ce.fa=h, Ch.ei=2e, Chfa=-af

Let \V be o finite dimensionod rep of iz, €.

Take on eggen-vector v of h with eigen-value A€ © (Awvy possible over
ony olgebraically  claeol fieldl): hv=2u

=> hev=ehv +Ch,equ=ew)+2ev =Arneu

hfu=Fhv +Ch, fav= fav) -2 v = A-2)fv.

i.e. ,‘f we o(eﬁne Voo 2 {veV|hw=ow) = el S+, £V EVir-2)

e e

N 7Y /‘e\ /e\

- Vid=2) Ve Vs -

N/ Y~V ~=_J R~
¥ f f f

@¢VA cV. dimV<o = ow[g ﬁmfe@ ey VA<D
Now. let V be an imep of ez, ©y. Take A with the logest reol port

Then: Vi #0, \JA+2) =0. Take Uo € Vth). eure ViA+2) => euo= 0
Vo =duo. By PBW. thm, Ltz @y & €L fike*>

= V=Lctdiz.ary Vo= €< fkua>  Redo,1,2,3 Y, bﬂ /nealaabb@ Qf V.

Define uh-ﬁ-f—iﬂ’—”. Then we  hove:

Lemma.: hUe=(A-2R)Uk, FUr=chtn Ve, €Ue= (A-k+1) Vs
Pf: Only the lost ore is not by Of. Prof by induction.

eV =efUs= feuo + Ce f1uo = huo= AVo.

Suppwe the hypothests /6 True for < k. Now:

Reur = erh-,=ern—a + Ee.fJUh—|= fc)\—h-rz:l}h-z + hUk=

= (A-R+2)(R-NVk-1 + (A-2R+2)Uk-1 (by induction /ypafheém
= RIA-R+1) Un~

= CUk = (A-R+1)Ur-.



V 1o fiute dimensioned => 3 m st. Um#0, Umn=o0. > o U
= 0=€Umn = (A-m)Um = A=m, where meIN U0}, m-a pg.'je\).
\/ imep = \/= C{Uo, - Um} with Um the lowest we{ghf. m-4 1r:go’)eu;
Vm @ on irep Of olim m+1, with bess {Us,--, umy. with _m 'th.ijeu
highest weight Uo. (aest Um = hUo=mUo, hum=-mUo s

Moreover, amy finite dimensimad irep NV of 2. €y~ Vm  m=dmV-1.
m=o0: the trvisl rep.

m=1 : the dg%‘ng rep of Uez. I, wgt vectms Vo= () ni=(5)
m=2: the adjoint rep of ez, ©Y Y2.Cr= C?

Note that the eigenspace deconpositin of \m is NOT canamicel , apol
we moy chmse oifferent bests of Hlc2. &, for instance . $geg. gfg™. ghg's
Jcm\ ge gL(Z,(E).

Also nete thot for golusble Lie olgebres , there moy be uncountzblely many
irep's in each dim: dim | imeps <> (LILL,L3Y%  For instance, L= C{X}.

LULY=CCX3, 1diml irep's < .
Thm. Any finite dim( rep of td2.C is completely reducible.

Reminder: A: a. ring. reps of A are completely reducible
< A= ,@, Matcni, Diy  Di division afﬁebma.
Thus it's very rare to have Complete reducibibty. Moresser. mony rings even
dowt hove finite dim! rep's :
E.g. (First Weyl algebmy: C<x, I >/< dx-x-X3x=1> has 1o non-0
Ffivite dim( rep’s. Indeed , dimV <eo a rep = o=1tr(dx- X) = Tr(x- 2x)
= 11 Ox-X = %-x) = 11> = dimV.
An infinite dim'l rep on Crx1: Ox X"= nX" X X"= ™
In gerered, if Al @ ring and L. L' ore irreducible A-modiles , then
0— L — V—L'—0 (ses of A-modues)
neeol ot Split, i.e. there may ke non—triviel extension of L' by L. ¢Compore
with the ﬁﬂmomj lemma.).



Proof of Thm.

Lemma.: If poirs of Sirmple modules howe only Trivied extensions , then omy

ﬁm“l'e /engi'h modlule s Semi-Simple .

(Recoll that length (M) 2 the number of inclusions in . Compaition series.
o=V°eV'e- cV'=V)

Pf: By induction on the length n of the moclute.

n=1. trvied.
Suppme the hypotheats 1 true Sfor length <n
leﬂgﬁ'l(\/)—n-r\ So=Vle V' € SVt e yM=V

Toke V", which /\’s of length n. B\g inauction hypathests V= @ Li, Li simple.
= 0— 65 Li— V— W— 0, 0 W= \V/V" smple)

me L= 0— @ Li —>\//t_.——>l/\)-—>o

Agoin by induction , VL= W@ L. Tha by considering /22 viL s @)L
omd éL,C—aV we See trat éL, is o direct Sumonol of V. Chcuse a
complementony subspoce /' of /. then toking quotient of x> by &Li gue

0— L —V—W—0. W simple
By assumptio, we hwe V'EL ®W = V& Lol®-L,n®W. O

Now , for finite dimensionel -tecz. @ - moolules cfinite loagth), 102 will Shao that :

Lemma: ©0— \n —>V —>\Vm —0 ahoays s as slez € - modlules.
Pf: v 0— Vn— V- Vo —0 obwdys  Splts , v n.
Tndeed , let \Vo=CU.

If nis odd. then \n Cortains no weight 0 vedsr for h. Toke ony preimage
of u'. then by comidering the weght vectms {us,- U} of Vn. we obtain a
basks 4w, Vo, Un} of V and Pehu'y =h gy = 0= huy = S Qi Ui
= hw'- Eﬁ;,)vi)—o Let U=u'"- fnz, ten hik=0, ond if e’ or
fU is not 2ew . then \Yel=eYuldy=0 = el e\in and hed = ehil+theid
=2e(l = Vn Omtoins even weghts => \/n Containg the 2ero weight, Controdiiction.
= el= fi=hii=0 = U p a spliting of 2. C>-muoles.




In cose n b eoen, toke 0. preimage w' of u in U as befire . Again amside
the weight vectsrs {Uo, -, Uzk |, 2k=n. Since whu’>=hk}4u) =0 = hu'e \/n and
hu'= ZGiVi = heu'- 2 v =o. Let w'=u -2 orui. Then Similbrly
eu'e \l. omd heu'= eha"+ Cheiu'= 2eu". Then there are two ces:

(. eU"%£ 0., then euw' =AUkt = (U= Und=0, hed~ 25 Uy = 0. Then we

R+l
let O=u'- 2

i eu'=o, hu"=o. Letd=uU"
Cloim: fli=0. ond thus U T olefnes o Splitting of the s.e.s.

Tndleed, if f& #o. Then similor 26 in (i1, £d= AUk = 0% RAVe= €t Wen)
=efU=Ffed +cefadi=o+hlG=0. Cotmdiction. Herce fii=o.

2). Now we pove that omy s.e.s. 0—>U—> V—>\Vo —0 splits bg induction
on dimd. I U is ireducible. then 1) = the cloim is true. Othenwise, U2 Vi
for some i. => o= U/vi— V/Vi = Ve—0 is S.e. and splits &y induction
hypothesis. => Az = Vo @ UW/Vi . Take the preimage Vo of Vo in V., then we hove
a e.8: 0—Vi—\— Vom0 Viimp = K2 \ViBVs by 0. WEROY;
= V& U®Vo Sine UNVE = Vi implies UNVo =0

3). Consider 0— \ln —>\V —>Vm — 0 %)

Note thot Home(V, V) is an 4z, @)- module : xe€lcz. @y, fe Homa(V, Vn)
VeV, then 0X-FHv)= X (Frun —frau

Let U S Home(v, Vny be the Subspace of maps which are multioles of the
iolertity on Vn =1 feHomev, vm | £lun=2Tdwe , Ae Tt

e cloim that U is o submodule of Home (V. Vn). fe U . xesdz.a
ve Vnh = (O(-f)(u) = X = fuxvr = X)) - Axu =0. e x: U — o
where Uo ={Ffec | flun=0}.

= 0— (fo— U —C — 0 s exct.

BHD-) = U=SUs®C.

TTake fe C < U, f’vn=al, then £ sewes as a gplitting of the ses. 60

0— \Vn =V —Vm—o0 O



Remak: One cruciol step in the provf /s that ez, € N Home(V, WH2VOW
or more genemlly oy VOW ﬁn V. W tlea, € -modules . In gererl, if V, W
are A-modules. V& is not o priori om A-module. If A2A%P then V, W
n be mede into right A-modlules oV 2 Xy

Gsmbiwinﬂ the previouws lemmes, we obtain the provf of the thm, stoted again:
Thm (2. @)). b "2 @ oo o wnigne imep i @ch dimension N+i . N=0o, 1,2,
densted Vin, with heghest weight n.

2). Ang qu dimendionod /aormz’man ff Ue.©) b completely reducible, re.

Y V an ez, ) -modde, V= AV m|

Remark: cbase change). One cool thing about finite dlimensionad ez, ©) rep's
s thot the ejgen-uelues of h are in Z. (msver omy fwte dimensional
2. Q) module V. Then /@l is on 2, C> module, and h acts
olisgonolly with integer eigenualues = \/= @V  hlvim =n. and evensthing
woks 08 for 2, €. Compare with L= Qx LLy= Qoxa, X is not
olwoys oliogoradizable on finite dimensimal cireducible) modkules !

Now take any ez €~ module . N con be decompmeo oo weight spaces of h.

; n
Sie V=@V ond V= SVnoms. Naw
+F £
/‘\/—\
V: ) ® ® Y o --.
Nems+ty  VEmy Vim-y  \Vemy  Jm-3)

\_az/"

Toke Vimy to be qf meghf m, then fm Vimy 25 \/e-m) omd  €": \Jc-m) 2% \/im)
ore Romorphisms, amd £ Vemy — Vom-xs 1 inective if m>o (s ef wm=mUm
Thus Vem-23= £ Vime kere | @  f¥kere is o Submodde of V.

Grmphiea@ P ctake VINY W N the heighest weight )



N == - (N -
\/(.“s —j_) V(N 2) {' \/ s 4>T—. ]
V(N) >— f(\e/g\») — F’(\g\m — - @chm)

kere) —— F(kg@n———w-- E;Fk(ke@ Submaolules
kere >—--- :@;:chkene)

Cherocters of £le2, 6.

® V: on iz ©)- medule, ChovyZ 2 dimVomy g™ € 2041 .

Bosic  properties @C chevy: I

0. Chevin) ="+ Q"4+ @7 === 2 In+13 (e quantum ", becawse its limt
go q—1 & (n+1), i.e. a deformation of 1)

. Since Vemy = Vemy |, chevyegy = chevy (@™

». chevew) =chovy +chow

4. Ch(VOW) = chevy-chewy . This & beause VB cmy = SNcky@Wn-k) :
N CUR® Wimk) = (hUR® Wm-k + Uk ®hidnk = R- Uk ®Wm-k +(M-R)Ve®Wm-4 = M Up®@Wm-k

5. Up to momorphism, V18 uniguely ok‘{mmneo{ by ts chomcter : ohev) -kziz(agélh.
Lohat's the mutiplicity of \im in V' @Vmr

e e e
o Vme2) =—— \Vim) =——=\V(m-2) —

—
:F da‘m:aymz Mm=0m

<_e_. € . ©

—T—) Cm+l)<'_—' ch—l) —:F_

Then since \/(rm:-F( Vema) ®kere => bm= Gm- G = dim Homadz.es (Vm, /).
E.g. Cab:ulafe ‘d’le imep’s Qf V: chevy = Q4+ 2QZ+ Q+5+ @' +292+ g4

| o] -l 2 4
[ ) [ ) [ ) [ ) [ )
[ ] o
] [ ) [ )
Y
kere -2
(]
[ ]

Then V& \Va®\=20 Vo



E.g. Decompusition of \Vin @Vim

e o -0 o e)Nm
° - @ e _e)ntm-2
® n+m-4
wats (1] | SR
{'fzm Lg o) & ®in-m
wgts of Vem

From the dmgm,m, we See that \n®\m 2 Vim ®Viim—2® - @ Vin-m
Ve S Vh@\m < h+min=o0 mod 2 oand n.m.k sotwsfies the
tricngle  inequality
& € \K®Vn®VmE Ve®Vn @\
Ve = Vi« just fliothe wygts + (Vom = \V*¢-m)
< Tw(\Ve®Vn®VUm) £ Homye,c, (\b, Ve®Vn®Vm) £0
(and the multigicity 1 at mat 1),
(In Genercd we con also d@‘:‘ne Tnue.(w) (VS 2 Homg(C, V). But there B no such
Concept of iwupeiants for onbitrery A- modules , S there need not be triviel rep)
If Ve E Vm@Vn , then it's unigue. Vi€V = Z G Up®@Yr, (Grpn) are
determined up to a Swlar, which con be fixed by Vo~ Ue kere S \Im®Vnck)
These rumbess (]]'j") , oppecring in physics Utiemture, ore alled 3~ gymbols.
Futhemsre, sie Ve®(\n@Vm) 2 (Va@Vn) @Vim Qnonically, we have :
Ve ®(Vn ®Vim) :¢=’é§jm Ve@\Ve =§2Vs } = cnm.k, n,4.8) : 6j- symbols

dk

(Vh@ \/n) ®\/m = Y‘:%\-h\ \/v\ A\Vm = ;.Z. VS

he ne m R oM
S S

X/ geng k.nom, s



Ref: J. Roberts, Clossicod 6j-Symols onol the tetmhedron)
The abwe dlecompaition also works over IR, ®, or any K. chepk =0.

Infinite dimensisnal repts.

“Toke Uo, and let hVUs =)Us . EUs=0. Dq?ne V= —J%I)P 7716"@ a e(.jjfb
previons lemma , hUe= (A—20>Uk , FUr =kt Ut €Us=(A=R+1) Uk, o’y
M)\é ;@_ Cvur : the \erma module with HW. ). eg’g‘):\fz

=0 o Y,
o
Lemma: M is /‘ﬂeoluaﬂe:ﬁ“ A€ C\ £ ( J

Pf: By def Mrh=2 M. F N <M is a submatde , toke
VenN , u=i§_'_L,v,, Vi€ Macuo  Apoly h, b . h™, we obtain
V4 + Une N
WiVr+ -+ tunUne N

WU+ = 4 A Une N

L1
Bat the motrim (M B TR s mvertitle sice pusuy

Vi M"" - M""
= Vie N. Ayly € enough times , we obtain Vo €N, unless & Umn=0 Sfor
some m, in which cse A=meIN. Futhormore. if A=me IN, then consider

0 — M-m-2 — Mn Uo — Umti Ui ( ) Um+a, -

The quotient ks the finite dimensoncd irrep Nm. M-moa is imed since -m-2& Zso
i.e. 0 — M-m-a <, Mm—> Vm—0 Sses ¢ e -mauks, where te
inclusion. s g:‘uen by ¢:Uey— %%!Umarh which is om Uz, ) -module homomonohism:

. . Gm+k )' k-t 1)!

k
= € T2 mern = €L (UR)
. th (mtht2)!
ccfum £f<b+nu:a+l> —(k+f)((':+nf Um+th+2 —(b+|)7m(m+h+,, FUmhsr = f(l"#”'um +)
Ficunys
h-H)l (Mm+k-+1)!

L ChUr) = (-m-2-2R)Ur) = Em- 2—zh) Um+kri = —7— hUmtkt) = h i(Ug>.

I\



In Gevenl, to construct M for ony simple  Lie algebra L, Consicler
L=L,®La Sum @C subdgebm, not neceason@ oenls .
EQ. L= g-t,”cm: Upper tricnguar matrices @ Strictly lover tricagulor metries.
Toke o bosk (DC Lo 4un-=0ny,  La:{wy, - wm)
PBW = LUL) & €4 U v b m] 0i, bj2o}
L) C{ode-u} Llia)= T o,
= ) (L) = LUL)®cidLy) |, the isomorphism bemg a bimedule isemerphis : cn a
left LUL)>-moolule ond o right JA(La)-moolule
Now take o rep of LULsy, then Tndia(v) 2 LULY®,v. It's size con
be seen via LUL)®, V SULULY® LU0V & LRV ¢ 00 LUlLy)~modulen
E.g. ez, € = N-0 b+
n-: SZ"/M@ lovoer 'L‘nbrga/an matricey = C<f>
b+ + traceless upper tricnqulor matriees = d<e. h>
TToke the Llcbey—module V= CUs , € Us=0. hus= Vo
= T™30 (V) = LNy ® Lichs) @,V = LN ®gUs = CLFT-vo 40
LLen-y - modules .
= Mov=Id*E0\),

Considler the s.e.s. omd its dual :

0— M- nz—*Mw—>\/n'—>0 i O—*\/m—»My.——bM_n_z—)o

on on é i
on-2 on2 ® Nty ® N4
®-n o-n olusd ® ni2 o nta

® -n-2 ®-n-2 rn— . n . n

¢ n-4 ®-n-4 weis ® -2 ® N2

.. . ® -n @ -Nn

le. we chonge the highest weight modules to locest wgt modules. and \n %

There 1 olto onather woy aromd : let ez, @ act by h'v=-hv, e’u——fu
fiu=—ev (e bgfmf asmpmmﬁ with o. Corton involution of shr2.@)

= Mn —— Min — M ctwistd ation”)

= 0— \h—> Mp—— Moy —0 (M @Mz, S Moz s Simple »



Cosimir element.

In Usdea.@y, olq‘f‘ne C= ef-rfe-'r%h

Lemmo: Ce Z(LA(4li2.CH).

Pf: Tt's envgh o Cheebj&r Ch.ci=o, Ce.cl=o, f.cI=o

th,c1=Ch.efa+Ch.fel=Ch.eif+eCth.f1+ fth,e1+chfie
=2ef—2ef+ 2fe-2fe =0

[e.c1=[e.ef1+le.fe1+3Le.h’1=elef 1+ [e. f1e + 2hle.hi+=zTe.hih
= eh+he -he -eh=o

Of. c1=cf. efa+cf fea+2Cf h*a=cfeaf+ ftfea+sCf hih+ 3 hofl ha
=-hf-fh +fh+hf=0

Remark: In LULY. oda acts 0s dzﬁ@rwﬁa&m [8, bci="Ca. bic+ bra.ci. & s

for any Lie algebm. acting on on anseciative algebra.

O

Now, Shurs lemma. => ¢ octs as o scalor on ony imgp V of ez €.
In perticulor, ¥ ve V. cu=nu , for some e . To specggm Toke U=Uo,
then Cu—(ef'+fe+——h>uo—czfe+i:eﬁ+ 'h)uo—(zfe-rl% Y o=+ Dyuo
= /Ln— n+2n

(e on we ¢ to cbtoin onsther provf that o— \in—>V—> Vin—> 0 aboays
Splits -

0— \Vn—> V-2 Vm—> 0
e le |
0— Vn—> V-5 Vin— 0
Since C=m+2mfm Vm  C- m.‘;zmlalv: V— V. Indeed , ¥ LeV (p((c—'ﬁ-”B )
=C- "2 ouy=0 = C- 2y v e Vb, Magowen, restricted t Vb, C-"221d,
—m—mzl\lio, thus N(C—M.Tdv) defines o splitting of the s.e.s. O

m’-rzm

Later we will prove:
Thm. Zcl4de.cyny= CCea.



MoKay corresporolorce for Slic2).
Note that: CUe2) = SL.@) «—> SLe2.1R

L I -

W2y —— 2.0 «—— R

omol U@ € = g2, @y = LA IRIORT  (the (ndlor is cbvious, while the it
follaas from 2eo.C> = {toceless ot hemition'y @1 traceless herwition |

= U D 4 TUD) X UORC. )
Let Vn%ﬂeﬁmmwml rep of SU2). (QL2.@). 2. ©. Suss. then

Vn® Wi 2 V1 @ Vi, (In ﬁzﬁ' Vn e QWi write Vi=Cue® Cui, Hen

SVi= C<us@U™> , cimS™V = ntl. heighest wgt: hus = nUs', thus SV 2 V)
Thus the Mat(ag gmph /8

oim: 1 2 3 4 5 (4 7

Vo=€CMi Vz V3 Va V5 Vg

where the blue Olots represent those reprasentations which clbo desend daon to
CSOR) representutions, ie. ~1€SUcy octs o | on them.

Trrep's of He.cy® <o),
Toke orbitreny A - module V, B-module W. f \ and N ore imeps. then
So is the A®cR module \N®cW (A, B ake rigs over ., or any clgebraically
Closeo Sfield). Indeed, Erolpga( vew) & Edla(V)®cErdctw) & €@c € = .
For example. glio. € = 42, ©OCL , the imeps of CI are Fdim(: @,
poomretrizenl by A€ @ I-vo= A:-Vo . Thas iep's of glia, @) ore V@G,
In powticulor, toke A=Lcde.€y=8, A®cB 2 L2 cnd® .
thus ¥V Vn, Vm imep's of o, €3, Vh®@Vm is an imep of 2. @ 2l2.0.
Since M, @5 42, ©y® 2.y, X (X, X), ond wndler this map,
LUtleo, ) — LUz, €y tiz ©) 2 Lithiz, ©) ®c LU (2, €)X > X®1+ 18X
X LUBW) = (XB (UBW) + (1 ©X)(VB) = KUBW + UBXLD, wdich ogrees with cur
previows olefiuition.
We moy Similady consider  Repctlea.@y :
erw((z,m)):Z/EEvoJ,---,Ean,---J L Q Commutative , united ring with . gt



af basis elements : CVid, i=0 1,2~ . The muttiplication rule A gien bg:
CVnl.-CVm] =h=zm-m» LVr1
R=nym mool2



§6. Somisimple Lie Algebras

Killing -{%Tm

Consider L2 GlL). The Killing form B is defined as-
B:LxL — k. B,y 2 ¢r(odxoady).

Here Ik moy be any field, chark=0.

Lemma: Bix, yy= By xy  ¢symmetic)
Bix.y1. 2)= Bux. [y, 21 cassooidive inveriont).
EF-‘ Theﬁrd‘l.“ one is aouy.
Belxya, 2y = Tre soltxydocdz )= Tr ¢ tady, cdyaocolz s
= It edxady odz - adlyedn colz )
B(x,y, 22)= Tr(adxe adry, 21> = Tn( aolxe [ody. coz1)
= Tr( 0dx ody edz — adx odzady)
= B(xY1.2)- B(X, [y, 21)=Tr (Rolxad2 cdy y - Trcady colxodz ). O

Rmk: Fon G fiite, GV, we @m olwoous hove an imariont bilineor form ¢, y:
(qu. gy=(u,w). Now if G is a Lie grouwp. we moy hove the infiuitesmal
invarionce of the bilinear Aform: (XU, )+, xw)=0. In porticuler, [f V=L
omol (-, )-— Be,> on L, the abwe lemma just Soys that the infinitesmal
action L——»cg,récu prescrves €, (TX, V], w) + (V. IXWY=0.

Eg : hf e 4
D. Ry wrt e hf, wehwe B= ( )}""( 84)

Thus the Kilking JQTWV s indlefinite.
2. U2y ZIR*=IR<a.b, c>. Oxb=C bxc=a. Cxa=b.
Abaobﬁrwcz)/‘s = ( ') ‘1'4) V=(1-1'), Satmfgmg
[ p1=2¢, [P, V1=l L[¥,u3=28 Tus Sr—a £mp L—c pan
isomorphm of LA’s : sue2y = IR3. Tt's ey to check that treladary = -2
= trcodbs™y = tredey’s, ard all other tems ore 0. Thas B= ("22) wnt
o b, C. anmd it's negative cefinite.



In porticuor, suczy % $lc2.IR) since the Killing Sform 15 intringicolly dlefined , yet
the signatures g‘: Bsua, . Bl ore dgj’arem‘

Recalh that L 1 Somi-simple (ff dbmLs1 anol 0=RodL = the moximal Soluable
ideal in L jff L hos no abelion idecls other thom o.

Thm. (Cortony. L is semi-simple (ff the Killing form is non-olegenesate.
e. RodB 2 {x|Bx.y=o, VyelL}=o.

Note that RedB is on ideod of L: If xeRodB, y.zel, Bnya, 2)
=B(x,y21=0 = myie RuB.

To prove the thm, we need the ﬁUmeﬁ thm. of Corton. whme proyf is in

Humphreys :
Thm. ¢ Corton Criterion L glv. k>, crerk=0. Then L solooble <= Tremyy =o,

vixel., YelL.L].
( Ore side of the thm is eny, by ®k . we moy coume LS gtk and L
is confounedl in Tcny, then V YelL.L1. YeTeth) =>trcayd=0).

Now we n prove Corton's thm waing this Criterion.
=" Obspe tht [ABS Redl . Let S=RalB, then od: S—H8)
kerod = Z(S) , then we Moy assume Scf—da« als> Shee Q. centrod extension
of S will still be soluble [ S is. Now v %xe S, yelS.s1, Trixyr=o
by Olefinition of S=RedB. = S o sdluatle by Cotom Oritenon.

Now L & semi-Simple => 0=[bdl. 2 dB = lB=0 = B & nm-

degerende

Remark that it mow hoppen that KedB & RadlL.

<" B non-oegprenate. It suffices to shoo that L hes no abelion idleals .
e twe 1S st [I.L1cI, CI Il=o.



¥ yes, toke xel, yel. then ommsider 00l w00y
| ) ody o oy 1 ook
= (odxoadyY'=o0. (nilpstent ) => Trccokxoooyy = Bex.ys>=o0, cotrmdiction

with B boing mm—okgsnewe. O

dem—ChwaU% Olecompasition
Toke X: V— V. an erdomorphism of V/k, k=k. Then in Some basts of V. X
is gven by Jorolan matrices digg(3, . Jry . Ji= ()ﬁf":}\';), ST

With X, V s twred into o koxi- module . x-v= Xu. = V2 & lktxa /ex-I)"
Jdi= /UIof—r(o‘l‘:‘B) = Semi-Simple port + nilpotent port. => X= Xs+ Xn , Xs: the Somi-Simple
part of X i Xn: the nitpstent part of X. Swely [Xs,XxI=0=>LXn XI=0 amd
[Xs. Xnl1=0.

Clim: Xs is o polynomicd in X
Trdeed, worite V=82 ker(X-MN : Oecompasition of V' into gewerchizeol weight Spaes
qf X, where N=dimVv. Toke ﬁme/kl:oc:l st ﬁx)s)u' mod c(x-Xi)Ny. ¢ H's pussible
Sine (x-DMN, x-wN are coprime [F A#p). Let Xs=fix), then Xs=Ai madex-Aif’
omd Xs adts on V) e Lld. Thi is o moe intrinsic way o defire Xs , ond we
moy Set Xn=X-Xs. Now Xn= X- i mod(X-AN => Xn'= 0 ymod (X-\i2™ and thus
Xn & nilpotent.

Such olecompesitions ave unigue. I X= Xs+ Xn = X+ Xn => Xs-Xs=Xd—Xn. But
the l@? howd side /s Semisimple ond the right hand Side 1 ilpotent => 0="Xs- x¢
=% -Xn.

In cae k to not olgebroicodly cloed! , toke XY VO 2V, and Galtk/icy
octs on coefficients of matrices in ¢V, k) omd G fixes the entries of X (w.n+
0. bosts token from V3. => Xs+Xn= X=gX =gXs+9Xn. But gXs and gy ove
St semi-simple ond nilpotent recpectively => GXs=Xs and gXn= Xa v ge itk /ik)
=> Xs , Xn € Mat(n. k).

In chor p. If kis not seperable, then it may happen that Xs. Xn & Maton, k).
Indeed , toke |k, chork=p, ack.P@a&lk. Toke the IkCxa-module N < lkexa [exP-as.
Then k®V 2 kix/cx-P@P, X=NZId+ (*%) in V. Hoever Xs &Matcp, k)



Sine w.rt. any bk of V. Xs=RaId ard RB& K.

Nowo take Xe€ 00V . amd XN glv) by adjoint representation: adX € gl cglevy
=Moatin: ky odX =@dX)s +(8dXIn = adeXs) + 0diXn) . Moreower, Xs Semi- Smple
=> 0dXs 15 Somi-simple; Xn nilpstent = odxn fo nilpotont . Thus by wnigueness
OdAX)s = o0l Xs . (@d X)n= 0 X .

Choroctorization of semi-gimple Lie algebros.
Lemma: TS L I an ideed , then Br= Biliz,
%C Vxyel, adfxoodg L—1 ol adxoao@ LT‘T =>‘f'f‘1.(ad'xoad@J =1rA
= tncadxoody). i.e. Bilyq= Bz 0

Thn. L: Lie olgebra, L0 Then the follasing are apuislent
n. L & Semi-Simple

2. RadL =0

2. RedB =0, where B i the Killing form of L.

4. L hes no Soluable idleals other thom 0.

5. | hes no obelion ideals other thomo.

6. L =@ simple Lie olgebras.

Pf: It only suffices to chech 6> now, the other equicnlences were established befxve.
D=>6. ¥ L & somi-Simple . Choose IS L o proper idead , omd (wk at 1 wrt
the Killing form, i-e. T"={xel| Bix.yr=o, vyeI}. Then by the assooiutive invarione

property of B, we bnoo that I' M on idleal.
Claim: INI*=0.
Tndeed v X, ye INI*, lemma=>Binox,yy = Buxiyy =0 = InI* b Solunble
(orton's Oriterion => INT* ks Solonble => In1* =o0. by Assumption that L. s.s.
It follows that L=TI@I* We may keep on decompming I until it's Simple ond
Obtoin that L=@iIi as direct sums of Simple ipleols ( Lie algebras > .
H=0n b ey m|



Remerk: The olecompoaitin in 6) s unigue in the Strongest Sense : up to pommitztion
of the Li's ! Iroeed if 1 b onyideal of L.[1.T1STi, thus coulol omiy be
0 or Ii iteelf. In the lotlor cose T2L1 Li1=1i. Inouctively, one obtwins that
I=@;I} whee jeI=1i 11T} Thuo if I b ony simple ideed of L, I=1I:
for some I. This & more rigid than the Olecomponition of  representations , where
ore Olecompxes o module V= Ve - @V, and if Gi>l. V¥ vie— eV
ot & comoniod  olecompoaition !

In caze of Olecomposition of semi-Simple rings - A = ©Maten, Dy , Di: plivision
olgebras [ k. The Matcni, Diy are minimal 2- Sidled iddecls of L. andl the only
minimal two Siced ipleals. This A Similar 2s for 8.8 Lie algebras .

Thimn => to clossify s.s. Lie olgebras . it suffices 2o clossify the Simple Lie algebrea.

Cor. L s.s. = TCL.LI=L. O
Cowerely. CL.LI=L 3% L ss. We cmonly oy that L fs not Scotunble.
E.g. 0—k"— | — tenlky— 0 (n>1)

=)

L & not 8.5 rodl=k". CL,LI=L, and L /5 not Solwable.

For L. Omsder Derl={dldrxya=rolx ya+rx.oya, vx.yel}, the LA o
ol oderivations on L. => o0—> Il — Oerl — OutcL) — 0 , where
0— Z(y— L% Tl —0 , L% > adx e ImcL)
Il 1o om ideal in Derl.. since Tdl. pdxy)= o [x,y1 - Cx.dyI= CaxyI=addx @,
= [Derl, ImL] S Iml.
The conpt of inner dervations s the infinitesma| version of the fct that
InCG) sits in Autt@) 2d o normed Subgroup -
E‘S' L abelion = ImL= 0, Dend) = Outel ).
Toke omy Uneor mop f: L—L = Eﬁ«).fg:ko:ﬁm.g])
= Derl = Outtl) = EndlL_.



On the other extreme, we howe.:
Cor. | g8, => ImlL= Derl. (=>0utl =0)
Pfi Toke de Derl, trvdoodx> defines o lineor famctimad on L. Siee the Killng
Jom B of L b no-degenenate. tridoodxy=By. x> for Some ye L.

Claim: dez>=Ty.23. v 2zel, thus d b immer.

Tndeed. [0, ad23= adolzy = Bedz. %) =1r(addz - adx)=1r(Cd., adzIecdx)
=tr(d, todz.odx1)=tred, odrz.xy= Buy. £z, x3) = B(IY,23.%) , ad B

non- Olegevernde . =

Remark: In finite grup crse, there ks no such amologue. Jrdeed. even if & #
o. simple group. OuttG) way not be trivied. For instance OuttAn) & Z/2, n>4
¢ coming from Cougation by Sa). Haceoer, in ooe of Lie Groups, we have the
famf‘ that ol avtomerphisms of G dwe /M‘@ M mner. ( Since Derg
= Lie cAutcGro), where g=L.A. of &)

Cosimir  element .
L: 8impe L.A. V: an imep of L. Then (P:L—>3€CV) R either trivief
or fouthfil .

Now suppme \ on imep, non-trivied . e may define a. symmetric bitineor ﬁm
Bvon L: BuilxL—k : Bux y=Trcpaoeguy. Then
D. Bvex Y= Bvey, x>, Symmetric
2. Bv(fay1.2)= Buex, Ly, 21)  ossooictive inveronmt.
These too properties actuelly wwksﬁn w@b‘ea@ebmwifhm@ rep . In porticuler
3. Bk the Killig fom, where L—gfL) s the adljownt rep.
4. By n non-degeverate in cose L simple and V imep. Irdeed RodBy 10 am
oeef of L by 20), thus omld oy be L o~ 0. But by (artom's criterion, f V
is non-trivied, @:L 2, LIS 88V, and trc@eopwyyy=o. Thus RadBv=o .
5). The Bv's are propstimal to exdh other. Thfaﬁdomﬁm e mmre generad
Joct that L simple => all cssociative bilinear maps on L are propotionad. ¢ Indeed,
oo reps of L, LEIF B | iredtucible = BoBF= const, by Shurts lomma



Chase o basts of L= it , and toke its duel bests wo.rt V/, say 4y;}
le. B yp=8i.
Def' (Coainair elementy Cv & 25 %Y € LAL).

Lemma: Cv # central in LAL).
Ef- VXel., IX XiJ=QjXj. Bv ossootive = Qij = BulIx,%i.yj)=-Bv(xi, [x.Yj3)
= E’X-%‘]:—a«'jyi.
= X, Q3= Zillx ®3yi + xiCx, YiJ)
=2 (GiXjyYi + Xi -G4iry;)
= 2 (05%Ys - 04 %) Yi)
=0. O

Now, by Shurs lemma, Cv:V—V ao an erdomerphism of \/ must be Conetanmt
gnce V 1o imep. = Cu=AIdy = TG =NdimV, oo rCs>=Buxi, yiy=dliml.
= 2= Presumablely, s might be o omstont in LUL) . bt this computation
and the foct that Cuv=o0 on the trivial rep Showos that s wont hoppon

Lemma: Co 18 imariant under Changes of bosks .

%C: Toke 4xi§, Yjy new brsts omd ducd bosts . Then Xi’= Chj %X ﬁr‘ Some

imertible metrix (Qij). If y/'=byi i, then 8= Buwi. 4= BtGiXe, bitys 1= Qiebye

= SXY'=3 oijxjbieye = e Xjye = X y;. 0
Thus Cu M intrinsically aasoonteo with (L.V). Maveoven, since for non-trinad

irrep's of L, By are propotinal to each other by &) abwe. Such Cu's differ only

by o nan-2ero Constomt.

Complete reducibility

Thm. Any Finite climensisnal representation of o Simple LA is completely reducibk
D\]C: The proqf i8S almost identicadd to the . ) cose.

Step 1. We shao that the trivial repn an odoys be split off



By a reduction argument a6 in Step2 of . €. it suffices to check that
60— W-—V—»~C—o0 08
whoe W K an imep of L, Olwoys Spits.
Fweg, thn L octs on V nilpstently: V-5 WEs 0, thas trivially=>00 splits
F W, then Cu€ ZUUILY) acts as a non-2em sealor on W c=%r'%%). Thus
60— W-—V—~C—o
le/le | o
o—W—V—~L—o
Cw:V—W 8ince Goactsow 0 m & é%{g'@ is Q. Splitling of(*) and
V& W kerCo.

Step2. Ay 0—W— V—Viw—0 gplifs.
Agoin Consider the L -module R=Hsme (V. W) and its submodules S={FeR! £lu=nTolw$
So=1feSIfln=0t, S =S m in tha.r cne. The sequerce:

0— So — S— € —o
s exact. thus splits by Step 1. Thua we moy Sfind fe S, Jclwlduo, ﬁ«m:'xﬁw,
v xel. veV. Thus f Seres as o Splitting map. 0

Thm. Any Sinite dimensionod representation of o. Semi-Simple LA. 1 completely
reducible

Pfi L =L@ eLgwhee each Li is Simple => UL LLn®-- ®ULLR),

To give a rep of L on V<= L— GAV) as Lie algbres <> Lty —Bnltv) as
pssoootive algebros. In this language. any finte dim( rep of L /3 Completely
reducible <> omy finite dim'( quotient algebra of JUL) = &Matc €.

Now. given @ finite olim( quotient A of LUL) , then A=A ®-&An where
Aiis o fiite diml quotient of UL, By te previows hm, Aix@Matmi;, €
= Az @ (@ Matny, ©)) 2 Sj-je Mat (Nij-Nige. €, s completely reducible.
Here we wed Matin.@)® Matim, € 2 Matcnm, &), O

Semisimple ond nilpotent elements.



Let A be a finite dimensional olgebra over €, dl a. derivation on A. Then A
@n be obcompaed ca genemlized weight Spaces of d: A= @rec A, where
AN = kerd-ATd)N, N> o, and d=ds+dn, where delany =21
Cloim: ds is also o deruation. i.e. dsexy=0lsnoy+ x0sy-
Tnoleed, we have AN Ao = Adtpy: ¥ x€ AN, YeAan
(d—u\-ronhN(«g): ,?:_:o (':)(d-)uk'x -(d—u)“'kg =0 ﬁv‘ N>0.
T OlsY) = (At XY =A%)y + KUy =0ls %Y + %-0sY => dls € DertA).

Now if L is semi-simpe, Derl. =L . Vel adx e Derl => gdx=0om)s +@olin
(0ox)seDerl- =1, (adx)n= adx —(ad)s € Derl.=L.. Shee moreover, the cojoint rep
is foithful, (@dx)s = adXs . (Odxn= adn for Some Xs. Xn€L, anod X=Xs+%n.

Def: hel is colled somigimple if odh=cadhys; h & culed rilpotont if ash=olhn.

Lemma: A semisimple element acts Semisimplely on any fnte cim! rep of L.
Pf: hel. L—gfv) a rep. V=@Vi\) . deampasition of V 0w generalized
eigenspaces of h: Ve Vb iff th-ANu=o0. Take 0=V VA be the subsroee
of efenvectors of h. Then V=V 2V'= OV,

Cloim: N' is @ Subrep of V.
Sine we moy aleo decompsse L 2o odh-weight spaces : L= @Lo\y, where xeLiy
if Choxa=ax, it Suffices to check that Lo Vin S Vephy: Vaxelqu, eV

hoxU =X hv + Th XU = XAV + pxv =t K.

“The claim J%U»ws. F.m@, Since \V is completely reducible, \/= V'@V ﬁw Some
V'eV. The lemma J@Hows by inoluction on Qlim V. O

Furthermore if L is o. Simple LA, o:L—~Gftv) o non-trivial rep. If h octs semisimply
o V, then h=hs+hn = Qchim=@thm=0, but @ fathful = hn=o. It follsos that
h is gemisimple.

Combing the abme discussion with the lemma., we obtoin the follasing Chomactenization
of ebments of L.



°l: a gmpe LA, hel.

h is semisimple in L h is nilpstent in L
<> odh is semisimple <> odh is nilpotent
<> h acts semisimply in old <> h acts nilpotently in old
Finite cim'( rep of L, Finite cim( rep of L.
& h acts semisimply in Some ¢ h acts nilpotently in Some
non-triviad fiwite dlim'( irrep of L. non-triviad  fiwite dim'( irrep of L.

Eg [ =%l cy= T e,ﬁ h}. his semisimple omd octs Sepmisimply 1n ony Vi

e.f are nilptent and oct nilpotertly on any  Vn:
e™=o0 = QC‘"H, h=dia3zn. n-2, -, =N

Application on Lie a@ebm
L:LA ., hel Semisimple, = L =@xecln, [Ln Lyl Sl awu. ie L 18 graded
by eigenvalues of h. If L is an ikl in L, then 1 respects the weight
decomposition of L« D\2INLx ., then I= @r1Ix.

Inoleedl, if XeI. x=3%Ai.chxi= SN €T, adh X=S ) n e I

= Xnel, vi.

Eg e o. (dm o)
Uen. € 2 H = Spomihil hi= €ii-Cinin} « diagrod . ad- semisimple . commutative.
= L=@®ertlr, La={xIChxi=Xhx, vheH}. Such X con be dleacribed by
(n-13- numbars, Since we howe fixedl a. Olistingudshed boats of H.

AS s =), L=ch, i=he-n-l.
Since Che, e;)'] = [Ex«, €)1~ Leren, € ] =(8ki - Skj — Sk + Sm\.)‘ )e.j
=> . @) = Lo®(®rerrLn) = H®(@jCej) and thee AeH™ seperte €. ¢i%))
i.e. Ch ej1= ihrey, Ch 1= Xth@u. A=)y = &= ext



f e h
Ho.Cy= CheCe ®Cf .50% ¢ 2

AE.C): H=Ch@Cha: hi=(""0), h=("1.), H*2 2

Toake c2e #3,&) and let Ch, Cai=ocich@a , olie H*

then Chi €x3=282, [ha,Cal=-C€a =>dichy=2, oichay=-I

Toke €€ H3.C) and similedy dlefire otachy 1 Ch,€x1=xach)€as

then Xathy=-1 oachad=2.

= O .olz Span H* Since @a=TCen.exl, Ch.esl =(oh+o)h) €
el-ze. hi=h = Ch.eu=-oihex Similady for @a < o4, €3 ¢ ~a1=cta.
We obtoin the weignt diagrom gf 23, ©)

d\ old'b(z

- %O ol2

—0-olay -~ oy

Thus @ €y Omsists of 3 copied of i, €. each one taking up o. dlirection
in the weight dliggram : o= 1€a, hi, €}, 0z {€w, ha, Cna}, Blricta:{Cs, hithe, €8}
I I K ony ideal o in $h3.C), it wid contoin Some weight vector. I it
Contains €j, then it omtoins all 4l ©) shee [€j.Ekl=eix, (&) gil=Ei-gj.

Thua we obtoin, by Similar methools extended to sdn, €

Thm. . ©> 4 Simple. v n>. 0

Now i HEL on (cbelian) Subalgebra. conststing of Semisimple elements . Then we
con decompame L. s L = @uer*lo, Lw={xel]Chx1=ochx, YheH} D=4azol
Ln#o0} ore colled roots.

Rek: if H consiste of somisimpe elomonts. it's necessarily Obelian. Inoked, i 3
xeH, [X Hizo . then JyeH st [X.ya=Jy . YeH. A=0. (H reects the weight
dlecomposition of L 1o, A, G just os for the sl coe). Now x+2% Jy %%,
= ‘Xe&gererlized O- eigenspace of ady ond x+0. This amtradices the foct
that Y R Sewisimple.



Def: HCL a Subalgebm. Consisting of Somisimple elements 15 catid torad. Mosimol
toral Subalgebros are aalled Chrtan  Subalgebos of L.

Now toke o Corton Subalgebra H S L ond apoly the wgt Space decompaition’
= Ouerrlo = Lo® Buegla whee Lo=1yell Lh.yi=o.vheH} =CLt-) and
P={ote H™ (0} | Lu #0}.

Lemma: Bla.Lg)=0 i otp#0. (onsepuently , since B #s non-olegenerate , we
hawe: Lo #0 iﬁ: Lo #0.

Pf: vXelw, Yelp . heH, BcIx.hd y)= Bex, Chym)

= —ochy Bex y) = BehyBex.yy = (ot+Rxthy Bex.yy=o.

Thas if otpo, TheH st @+prchy=0 => By =0 O

Lemma, = B: Laxla—C M non-olegenersde . Thus L &% Cononically  anol
oimLo = OhimL-ot. Furthermore B|Ctr=1o 1 non-degenenate .

Pop. CLtFy=H , where HE L s maximal Lorad.
Iden of provf: Keep tmack of X=Xst%n, ond jf X=%s€CitH), X="%s => K€ H.
Othenaite  H-kx is tod and  H-+kx 2 H, Contradliction with H being maximad.

For the proof See Humphreys. O
Cor. Bluxn N non-olgerenmte. o
Eg Restricton of B to H=Cih haf . h=("=10), ha=(®1).
oh oltolz
3
~oh-ol, O

To caleulofe B(hi.kt,‘) (lj=1,2), we we ﬁeﬁﬂowin\g az{/bvht octons @[ <l2>'s
on 3y ¢ an 8-diml rep of s>y



* % 0 000
don={G38)}  son-{l522)}
As an 2> - module , $lc3y Oecompomen a6 Uc2) repraventations: \e® VT Vo

2 o | oh+oly
ohichy=2
| -, v A 2 O ch =~
\ - The odhi- we:ghf Olecompasitim of 243>
_r‘x“dz —2—°¢|
ond odh octs with weights as shaon above. Similady Sfor the apy te2da
-\ 1
¥y 140l
o olzCha) =2
@,
e Yo o ch=-i
- : * e odha- weight Olecompaitim of 243>
—oh-0la —d\

- \
Thus Bchi, hy= Treadhoadhy = 2%+ =25 12+ (0™ 124 (-4 04 02= 12
ond  Similorly Bchihay= 2y £ 1 1+ =302 4 (2231 + D E0H 1 -2y = -6
Rcha, ha) = (-0 124 224 124 -+ -2"= 2.

Tt folloo that in H. h, ha makes an angle S and are of the come lemth
h
3n

ha
ond we con see that Beh,h'y =25 dchach), D={zdl,, 2ola, lottota) §.

Def She B i nen-dlegererate on H, H = H* wonicilly vz B. v ve H",
we myy oefie tp via: Bch, ) =vYch), YheH,

Eo

Fﬁ Uy=C{e h.f4 B=(434) = Bch.hm=8. H=Ch H*=Ca where
schy=2. TeH. Brfwhi=othy=2 => fa= %,

For 442y, H=Cih, hy H*= Cled. oz}, odichd=2, olthad=—1 i olath)=-1
o2th2)=2, and Bth,ho=12 Bch.h=—§ Bch2,had=i2.

Bt hy=aichy = '(‘ou=—2'~ i Btz hy=oathy = 'iaz=%‘.



Now fix moximal H ond L= H® @uesLu. We Ust some basic properties:

. & spns H*

pf: If €d+H". then IheH.Th %d=0,V Xuela = Ch.L1=0, then

he Z(L), Contradiction. m|

b oe P = -xe P

Ff: Snce B & non-olegenemte Blx. Lgy=o Sfor B+~o. =

O. Xelu, Ye Lw = Cxyr€Lo=H. Mmewer [x yl= Bexytx.
Ff: Beh txym = Berh.x1. yy= othy Bex.yy = Betw. hy Bex y»
= Bch Baxyta) . YheH
B nm-degererate on H = cayi=Bmxyis. O

. dimCle Lwl=1 ond [la Lel= Ctu. O

&). Altw) = Bfx, ta)#0

Pf: Suppme oictury =0, Chmse xe Lo, yelw, st [X.Ya=tx ¢this amn be dpe
Gince B 1 non-dlegenenate on Lax Lo.) Ctw,x1= ottox =0, [txyI=o.
= S=¢<’X.g,’f&§ S o 3 dimensiomal Subalgeba gc L. C8, 81=Ct

and [[S.81.0S.811=0 = & A nipotent. Thws od: S— ol an be
conjugated to Strictly upper Trionguler matrices. => ta=(ta)n . Contradiiction. O

b Lu@lwe Ct Sons o copy of . &) l;’- L.

Pf: Toke o#Xu€lu (> €=(80)). Let m=ggam (< h=(c))

2 20t \
Then Eha,%]:ﬁ) Cta %3 =°‘_:_{_‘::"Xo{=’)(ol. F}na%, df.fme 5,(6L—ot é(j

[, YuI=her. (which 1 possible Shee B liuxl~ ks nom-degererote . O

9. oimLa =1.
I?JC: Consider the lay constructeol above amd L'=®rez L.



ANV L' ond L' decompmes 0o L' wyt Spaces: (.‘)%« -

Sice [lu.Lad= Cha Ond adip: Lu—>Lo=H 1o ahys ()

infective = L's Uy @kerxn , where da>=d:{9<ot.hu.5a}. (.> N

= [o=C% and Oimle=1. ’Xs(.) =
o

In perticulor , we howe :

Cor. Muttiles of roots are net roofs. O

Rmk: The idea & to Studly L vio thee copies of i2)'s omstructed as in fi.
one for each mir of 4o, -otf. Also note that atthough the choices of % . h

oL

\ ~ (ks Like Uy® on obelion LA,
-

Yu are not cononical . v = Lu®L-o®Llo. Lol M Canonically associateo with o

Howeuver, potentially . 2 might be in @, but we may Start by wonking with r2) 2
= o & D which & a contradliction. Movegemmllﬂ. corsidler the Subspace of L. :
One@ L, which b olso on Hzsu— module, but by similar reasoning, S&d, for
omy LeIN, £>1, oml Pre@lm = L ®Lw@®H.

Now, if o.ge S, we may consicler Onez Lptmn a8 an Uizyu module , which must
in foct be an imep of Hcsu. Indeed . dimLy =i vve D ond the weights B+nx
on hu oboys Shift by 2. In partioubr:

Cor. lf « B, otBe D, then Cla, Lpd=Lag CPreviously we ony krow that
Do, L1 S La+p) Since Ou aloays maps Lg foomonphioily onto Lptot in this
irep @nez L pinx. O

24 3

Gor. Bthar= "ggas €7 o



Fix L=H®GLx, we om aluays toke o plare to seperate D into &* andl
P o that xe @t then —ote §™ ¢ w, -a lie on different Sices of He plae)
ool [f x pedt otped = ope &

E.g 4¢3y,

oly olytola

d%dz

=oh~-oly ~oly

Then L2 ®aedtLa 1 a (nilpstont) W@dmﬂ @C [ since [lu Lgl=Loup
or 0. (In 4y ce as obwe, CLY L' 1=Latos amd LCLY CLY 1*11=0.) This
s Om amlogae of the subalgeém (\Jf Strictly upeer tranguler modrices in 4y
for a/‘b:‘tm@ Simple LA's.

Similorly. HeL* 1o o (Sohnble) subagebra. of L which 1 rwt nilpotent
(LHBL", HeLrI=L*, but CHOLY, L*I1=L"). “This is an analogue of upper triangur
matrices in ey for arbitrany Gimple LA's.

poaitive Bore|

Def: L'®H b called o Borel subalebro of L. L=L*@H@L"

negutive Borel

Reot ¢ Weight)  dlecompoaition of classical LA's.
o < ( S gliny
Let l:lgg-&m (H < tlemy = ctragdess) dl‘ogmal madrices.

B=C<hi,ehn> hi=€i, ond Ehi.@y‘]=@9‘ Lh ej1=-€j (i), ond
Che.@jl=o if k#ij. Thus in F* we obtain a dual basis E=h?, €a=h*- En=hn
ond the weght of €j B Ei-§.

Now F=HeCW = H*= H*oCu*, H*= C{ &i-§Yixj. which b an (r—-din!
hyperplome of A

& 1
'\O( U




Note that [ejj, Gel= Ci (izk) Comeypmnds n H* Ei-gj+ g -€x= €i- &.
P=tei-gitiej m be partitimed ito Dt ={Ei-Eticj oamd D=4~ gt
and uaing this foct, we Moy Prove the thm that leny £ Simpe:

Toke TS 4lm an leal, then 1 is homogereaws in the sense that

I=INH® Pued 1N L

whase provf” 18 Sitiler 28 befire. Here we moy toke heH st o#B = oichy % feh).
(@-Bxh =0 ore finitely many hyperplanes, o, ge P )
¥ I=2Lle-g on eyel. then by Subsequent actions of cdéj Shaos that 12 La.
Voae D T Ioh, thn take ei-g st (&-Erth#o . then Ch.gji=&-gxhe;
el=>I2le-g.

® Loy
Uswally Socns refers to LA of antigymmetric matrices , but it's not S0 Comedient %o
work with Singe it Contouns no dmgvm( matrices. Instad, we work with omother uerion

?)C 30¢chy .

e Orbits gc Glntky ¥ ngcm=\{85mmetric nxn matnceat T€ Glatky, JeSymn)
TJ&2TJTE

k=R . O = {(IR'-VO) losk+2<n

k= , O =<(Iho) losk < n

Consider the even dimensional aase first . SO(2n. @) ={ A ATA=Td § @ be conjugated
to the gmp 0.0 ={AJA =3}, where J= (£,5). Tt's LA {x1x'T+ gx =0}
= infinitesimol S\gmmetneo of the bilinar form <x.y>=aJy.

Write X=(28). X1J+Jx=0 &> C'=-C. B'=-B, A%D=0. Now ths LA
hace 0. lovge subalgebra of cliagmel matrces H={(s2)1 D digral run mtrizs}
which 1 mjad'a CSA. dimH=n. (In cae k=R, I~ "—:tn) ondl soczn, J)
s isomorphic to the LA <ocn.n; IR, a reol form of oen. ©).

Now. as an exomple, Consivler the Specipl mue when n=2 :



K0 2 H=C<h, >, h= (_19_‘7\‘ =€u-Cs3 hz= (‘ﬂ}o—_l)=ezz-e44
and we con toke weight vectors:

o= () eloh) el eo- (B

l/Qe hcwe:
Ch, ea= e, Eh) &1=-6; Cha ,el=e Cha, €21=-¢;
Lhh es1=ea LCh esl=-& Lha,@sl=-€3 Cha &1=6s

dlisgramoticelly , e have

weight - oliogrom
of 604

In porticulor, the diogram Shows that @1, €z, [@1.21 i €s. €4, [€s €3
Span two copies of nen- intecfering sl 's . andl
30c4r= <@, ea.Le.ea1> @ L<LCs. ea, [€3, 1> ¥ 325 )
( Over IR, 041IRY & 8U2Y® HUD) —> 4004, @) & Hi2> @ k2> . Tndeeol, we howe
the Lie group homomprphisms: 1 — Z/2 — SU@)x SU) — S04y — |, Z/2

gevenxf'ed 53 ¢I.-I) qf SU2) x SU=23).

In general , hi = € - Gni,mi (1sisny , H= C<h,~,hn>. and we obtain a

weight dlecomposition qf  0OM=H® TaeFla (N2 hi 1gisny
weight spoces L weights : ote B uto}
H o)
Eij= Cimj- Gj.mi Xi+ )
eij = Bnvij - Onyj, X -
eﬁ- = €jj = Emjimi Xi =X ¢1<))
€f= &ji — Epmi.nyj A - (1'<j\

In porticular , #{roots} =2nin-y and olim4oczn) = n+ 2ncn-1y=2nn.



(De con check from the above dlecompositin that i o B, ote D, which
fmp(jeo:

Cor. <$02ny /8  8imple for Nn>2. O
® Acide: o6y = Heay ('tkeﬁ have the Some rovt System)

Now let's consider the odd oimensinal @ose - Soan+)

Similor on cbove, e Moy wee Jz a(_}?,?)_ Roen+y=4AJA =T} aml
oty = { XJ+TIXt=0}. e X = (ﬁé%) = e=o0, c=-bt, d=-al and
A/B,C.D a in doen).

For exomple. Congider n=2: 405>, <04 < 405) with te same CSA :
H= &C<h.. ha>. The weight odecomposition are the weights of Joe plus i
For instonce - 011 oloo
e'= <§ o) o) = Ch ei=-e' rCha,€1=0

0

=0
c>O

I.e WQ‘L‘ -\

Ch

4 o weight  dliagrom of 40C5)
(/\)g‘fs: {:t)u:t)\z, i)u,:t/l:j
The weight dliagram Glso shows that JO5) is Simple.
In gererl . 80czm S dotan+y hawve the Some CSA. omol docn+iy hes 2N

mare roots thon thae in docam. romely D=1Qtlix)y, TN, 1€ien, 1jent, ond
‘l‘,‘he weight vectord ﬁ’/‘ 2N ore Cumiv - Cin fm" A and E.1.im - Cntirl JG'P—/L

weight spoces L weights : o€ B uio}
- 0)
e:) = Civ, v\+‘j+| -€)+., Nit) M+ )‘j

e,j- = en+i+|.j+| - Cmjn, i+ -Ai -‘}\j'



aj"—: eh-l,j-ﬂ - 3n+}+l,n+n'+l Ai- )j ( 1'4).)

e;‘} = QJ'.H,.'ﬂ = Craiei nj+i /\j -\ (4'<)')
e = Cintits = Bivin N
€;6= €, i+1 = Ensixi -N

® Aside: 403y > M2y, <05y Ipeay.

Ratienality:
Question: Wl the real pictures are legitimate for H*/ ?

Recol) that for L simple ~ws H C8A, LEH®ues Lo, Bluxn non-degenemte.

s H¥ 2, ol sty Behoto=oih.

~ For ench o, we om construct & Copy of Hedw: Xaela, = i%,

omoh Yue L-a. O rt the adjoint action of this cory of Hez>. L olecompoes
into Simple  Submeolules :

ol B )

L
° | Brnez B+not : Q& Smple 3o«

Y Submodule of ool 21 - action

2 Bty 2(8,0)

vV XE Lp , Chx, %x1= ﬁ(.ho\)’x ool ﬁéhu)= Th by = o> €& b\(j propenties
of 32y represontations. Moreover, for c2>-modules, i M is o wgt, so /s-m
= B- Bthow € S (8- Bchurot > (he) = (ch—pchu?%;—‘%bﬁchan.

2 o I ooty

Eg 00l e2den - clecomposition of - ez

Notation: <p, a>2 %%%,—) €Z (only for rovts). IR A
Note thot <., o> is linear in —thej,“mf spot.



Now we shalh Show that H.HYC ~ Q (odefied aer @). Take a baots
in @ﬁf H*( possible since  spns H™), say. o, oee . Then v ped
B = & Ci
Coim: Ge@
Indeed, <B.oj>= 2 Cicoti o> , omd <B,o>, <o, 04> € Z. Morever, sinee
B is non-dlegererate. (<o) € GLn(®y = Cie Q.
Furthermore, Vo, §e§ (o, 8y€ D, Tnoleed, remb{ that we hawe ¥ V., S eH*
(V. 8= Xped (2, AS M. => (@Y= Thed (BN = G, p> = Z%g—;—Z z<g e

= B.peQ = (x.p)=3<tp> .0y € A.
Defie Ea2 QS = H* (® vector spae) . dlimeEa = dimaH*

Propertiea of Ea ( which extabliges the legitamasy of our Qrowaing of H* s

o real vecter Space)

. B:EaxEa— @, and & pwitie defiuite ( B=Ipr05", amd hore@).
. Yo ged, <Ro>eZ ; u,@eé = B-<B.o>ae .

3. oded =-cteD and mo other rationad multiples of o arein D

&, O spons Ea.

Note that B+ B-<B.x>ot is Mdu'rg but the reflection tf Ea obout the
hyperplone Py L o :

Thus 2) = the reflectionn Sa abaut Ry «  p
presemeo@= Sot@:@ T/': R

)l
[ J

Def: (Weyl group) The eyl group of rovt Olatuwm ® p-<poou
is the grup generwted by the reflections S.

E.g.

. 'I/{C2) ; leg one root @ ond ome IE\ﬂéCﬁDYI: ol = o= oo =-a

JAH WESsx2/.

-ol o] ol




h
3., U@ recll that B on H & given @ (—le :):
= = h‘, =% (e o, 12 e o
= R on H' is gu‘uen bﬂ ‘-3'6(_’2 -.i)=( T) (W.rt. o, o).
After reacoling, B con be goen by (3 2), in partiodar , 3o, 1o, Lot |
are of the some length . ond oleo Shaws the angles between nejghboring rovts are

L (n Ea.
oly PN; ol\tolz
PN|
—olz ol w o 83
Ruratz
=Ch=-ol, ~oly

® Finite oimensimad 443y - moodules,

_n‘l% ore:
D, Complefe{\/j reclucible
2. |Meight space decompesition w-r.t. H: V= @xen* V) , where V) =
fueVihu=Xhvut (recll that xel acts semisimply iff % acts somisimply
in the adjoint represestation.
. If Voo m oa weight Space then VN <—-Vz>\+o<) arol V()\):V()\“l'o(z)

ar QMchaA@ :

A+ol,
QNH
€3
—— Mol
A €23

Hence. o 4w - modules, o, ex shift hy wgts 3 0 U2)a2 ~modules, En, e
shift ha wgts. Thus the wgts of V' Should be on lines where o, = take
in‘fega\ vaduea:



// i
7 o’
/Z v
P L]

P |

In the lattie, we may fird M. Xa of the Smallest length , <Ai o> = 8jj
The lottice N\=2ZX @ 2)2 spons om integral lottice amd v de H*, <) otise Z
Volii & AeA.

In porticulor, @SN sine 4leas i itself @ rep (oh=2\i-)a, 0k =2):-))
Moreaver, Ar 2 root vectors = 28, then A/Ar =23, sine it's eay o
Check that 3\ = 20t +cta € Ar and 04, Ay cho geverate A 40. A, 24§ s
0. set of represontatives for A//r.

et's (ook at Speciffc representations:

® Triviad rep: only the zero weight. |

® Fudamental rep : sl ~ C . Hpest et vector Vo= (3)
hiUo=Uo, haVo=0 (hi=@€i-€a, ha=€n-€3) = L is the higest wat
Moresoer i — Jo-o0 22 h-ci-ota  ore the three wyts:

o L~
v s
- ¢ P

Ea - 3
/Z / The 3-wgtsqfd:
~

v

A\




° (53)* L VY = VA bﬁ Okﬁmtion qf conpgode actions.
= V* hOA {A)QTS : )\2, A2—0lz, Aa-04-0la

A

o v

XA -
/// - The 3-wgts of (€%
// v
P ]
v |
Notice that (C3*V* = N\ €T3, (/T2 hos basis UsAUI, UoAU2, UinUz)

h VoA ULy =thUo)A U + Vo AhUL = (Aichy + =00y chy ) UsAUI = Az UsA UL .
heoa U2y =(AI."0(\+).I_0(|"°(2) ViAVa= 0\2" O(V-O(z)d’ﬂ VAV,

h (VoA Uzy = (A1 + A= 06 =02 Up AUz = (A2~ K> Ch)UpAU2

* Adjoint rep. and its dual

wats: @, amd sheay™ = sdey. sne B is om infertwives: He day—C.
This arqument works for any Simple LA i L®L B € = L& 1*

Notice that in this case weghts are aleo inariant wrder the Weyl group
actions. In generad, weights of |- mooules ore inveriomt under WKL) actions.
Moreower, W & Da=Symc By, ond in gererl this /o aleo true, that WL
& ngf_@).



o Chomacters.
Since for omy U3>-module N @ V=@rerraenVody, we may form a group ring
ZIAT fom A, where we write & symbolically for A€ A ; et etz e
Then Z0A b a unital ring with unit €°=1. If Ae ZIN1= Zhe Za |
=0+ bla, then @=(eMBehayb
Toke V om sleas- module. We defie chevy = Toen dimVone?

Eg-n ch(€y= |

2). Memg%o‘awevrtvj rep @3 bg Vo, fts dual \o. . then
cht\Vio) = eh‘ + e)“—d‘ + e)‘"d\‘dz — e/\|+ e/\z-)\.l_I_ e-—)\z
chiVo)= @M+ g2y oha

oy \+tola —od, —0l2
3. Che 3y = €7+ ™ *

+e¥ P+ 24+ %1 + €% = ch( Mryi)

In general, we have
n. Chevew) = chevy+ chtw) 3 che VW) =chv- chw.
2. ch(v*y = ch(WIA--A1 sinee Vb 2 Vo™

The rep ring of A3y ks the free obelion group with basts {TV1} where V ronges
over iSomorphism cloases of irreps , which ta Olewoted  Repesdesy. IWe have
{ 43> -modlulery — Repc-edeay)
\Y — Cvi
Sotisfying : CVOWI =CVI+LCwWl, [VOWI=CVI-CWI L& : unit element.
It folloas that ch: Repcstan — ZLAT & o wnitod ring  homomorphism.

Notice that the Weyl group gererdied by reflections Sx. xe @ presores
A, omd OimVedy = dim Vid- Qo). ¢ Consider the t2sa- action !y
Eg S A= d-si=da-by ol T SwceM et M g, M - oM
ool Sa CChViod = Sy (@My+ Swe™ ™y + &.ce’\‘>=eA"’\‘+ eM+ e™= chevio.
Thus ch: Repeslany—> ZIAIW S ZIN1 ( W-invarant Subalgebra) . To specifyy
on element in ZLNIW, it Suffices to edify it inside the pwitive chamber.



positive chomber A+ ={0A+b)2| 0. b2o}

‘ T % e the imges of the wgt
. 4 \ NS ; n the pmitive Chomber
) " uner reflections of Sa.

If Vwonimep, then 3 LeA st. Vonzo, but €a-Viw=o0. €sVih=o
(= C3=[Cn, €31V =0)

Vodrony =0

QNIER
€

——— o V(M0t2)=0
Niyzo €3

D%C: A is called the h/‘gheat weight qf V ff Vi £o but ViA+ao+boz) =0,
Y 0.b2o, Atb>0. More genendlly. oMy ve W. om sA3y-module i swid to
howve h.w. A UC h.U:)L(h)U ond U= @3V =Ea3U=0.

Cince if Vinvzo, ViSeh#0 , SA= A= dooa. I x><o, we
con coraider S which will be of the fom A+ah+bra . a.bzo. Cortine
this process we end up with & h. w. in /.

Prop. There 13 o bijection between finite dimensisnal imep's of tde3> omd
the elements of /v, the pwitive integrod wgts.
“The proof is Clvided into steps.

o Construction of VA with h.o. A=ali+bla € /.
Notice that if V hows h.w. A, W has h.w. ., then VOW hes o wgt
vector with h.w. AMtu. Indeed, Vid+py=Vi® W #0o.



Now. Consiler Vl%a® Vo%b. Toke Uo € ViotAy omd Uie Vo, 1tA2). Then
Un=08%ust e VB Ver® hoe wgt aAi+bAa , ard A o hw, she ex
€, € bill each Vo, U, thus kil vx by Leibritz rule.

Thus Un gememate o subrep of ViR Ve, romely LUcHeayur S VA,

°* \x is an irrep.

Trdeed if Va=\V@W. Since this decompmition must preseme the wyt
decompasition. \AA= VM@ WM. But \ahy & 1-dim’l . Widhry=0 omd
W is not genemted by UA.

® Verma modules ond wnigueness of \/a

U =N+@H@N- , oand be = MOH & o poitive Borel subalgebm.,
¥ xeH* we moy oonstruct a I-dim'l rep of Licbyy : CUn by
N+-Ur=0, h-Ur=Xchyua,

Define M= LU3A3n®@ iy CUh. - The size of M can be mensured 0a follows
Lsdan e Lin-y® Lcbey (PB.W. Thm o*nbj 0b LCn-y- modules , not ow rings )
= M= LUNHY®CUr. Mx has a wgt Oecompasition: M = @abzo Mh-a0 - bok).

v /I/ /l{ P

7 // // e The wgt diagrom

A e
P %/ A/

Notice that Len-y = C{eslehesi> oo vectr spaces. efesef has wgt
A= 00 - boia - Cloli+ X2y = A= (atCrod) — (b+Odota = A - diet,— daota. Moresver |
8iNce Ca2 C21-Ur= C21Cs- Uy + [€32,20Ur= CaCs2UA+ €31UA, amd CunUX ond



CaVr ore both of wgt A-on-oa. It Jollows that  dim ViA-ou-o=) = 2

\/\

A- Nl—D(z

In genemad, OlimMx (A-0lot - dlatxad = mincdi, das + 1, (the ame s Llcn-y, in
omy Coge>the Olimensin of the wygts one fitted into the cliagram :

([
l
[ o
| 1
( () [
I 2 |
[ ] [ o [ )
| 2 2. 1
[ [ [ ] [
I 2 3 2 |
2 1

Now, consider Homakay (Mx.Vy . where V ts amy 13>~ module. If
0% F'€ Homua (My. V), then fluny 8 @ non-zem h.w. of wgt A for V.
Indeed, hfeum =Ffechun= Achfiony, Terftony=fineun= 0. Thue Fon
inV hes h.w. X

Inour cowe . if Vis fmnf'e dimensionad , V=®pea V(. 3 Un € Voby, ond
Ca-Ur=0, Cs Ur=0 , them ©3-Ur=L[C=2 C31Ur =0 = M+ Ur=0 =
I Mh—\Wa, frun=ua.
Eg V=@
A=0. Homskar(Mo, U3y =0 since there /s no vector in wqt o billed by €a.and
ex. Similer repson opplies to A=ct,, Hom(Mu, . 43y0d) =0.
A=ohtola.  Homalay (Moton, 440334 ) = C.

Now if A€+ and VA ts an imep of hw. A Then the map H
Mr—Va i8 Sudgective , omd Kerfa € M.



Notice that ony submodule M S M must respect the weight decomponition by
Siler onguments a0 we oid for ey oxe. i.e. M= 8y Mn Magw. It follaos
that M hao o wnigue moximad proper Submoolue MX & Mx. MK proper =
U g Mr = My /M) = Vi

This Gnument shows that VA is wnigue, ond finishes the progf” of the
propoaition.

E.g. Mooz — U3 ad.

o
|
[ J [ J
| 1
[ ] o o
| 2 |
o [ J [ ) ®
| 2 2 1
o [ ) o o [ ]
| 2 2 2 |
L4
[
l
([ J [ J
| l
[ J
2
([ J [ )

o Flmvm: iSomorphism | \
L JC\MLM : 0 !
o QC‘M(M : Swriective, not injective

Previodlyy we have J%Md e VIR VR with hoo. ah+bla. Then %o
obtoin Vi, it Suffices o opply E2. €a. esa to Un repeatedly.
E.g. Uyl hos h. . +0ha =X+ da = H3)ad € Vio® Vo =VeV*
Indeed, VOV* 2 Home(V.V)YE U@ @ L ¢ & Coming From Shur's lemma !

This is octuslly true for any $lon ond it Surdomental rep. V="
Ve V*Endv) = glny = tlime C.



Eg. S is on irep with how 2L 5 §Vo is an imep with h.w. 2k
Tndeed, if Vo= C<vo.uus>, S*Vio Contoing wgt vectors Vo® Vo, Ui@V:
Vagua. Of wgts 2\ By successively applying € i+ we e ol 6- wgts:
Dually we rave the diagram for S'Vo.

ol
wRY ) viou
2
S Vl.O Sz\/o. |

ola ' oa
U?'Ut U#U*
V2@V, /’
L e e !
(Vi U) = 2(UI®UJ + UJ@UI) \)D*QU-:

Moreover, Y. bso . SV, SPV* are imep's 90 U of hw. alond bz,
since eoch wgt Space only hes dlimension 1. Indeed , the wygts form & Triongl

o below:
\ olecompose o 2o, — modules

More generally. S'V is imeducible for any Olefluing rep of slcky, k»2, of
h.w. N\, Howewer, s 13 not a Gevercl phepominon . i it is net true 3@» cther
Simple LA'S, Lie grougs, or finite group rep's. As o counter exomple, Consioler

AS omd its MeKoy  graph:

? gs : A? rmep's

2 4 6 B 4 3 2 1



Here rep's 1-6 e €, V., V.. S rep. but S°Ve3@4. Indeed
@205 2VO 6 = VO PV 2Svesty o stves.
Compore. with 2y~ modules ¢ SUe)- MaKayy. S"V is by on imep, ard
VRSV 2 S"'Ve S™v.

~e

4 6 .
— o o o o o —4... Aw : SUe) ireps.
C Vi V2 Va3 Va Vs Ve

Hence if A=ali+bla€Ar is the hw. of VA, then VA< SHWVI® S V™
C VB (V48 gine the huw vector U@ (@2 lies inside SUVI® S V).
H Va=@u\aw. the wgts fom & diagram oo belso : the multiplicity of
the weights increnses towardl the certer, ond. gre equal on the bomyoantric
edges . ¢ Since VA olecompmes 05 Upnious i3 modules s For instance . €11 ua, mao§
Jom the upper rignt , cuter -mut edge, which Ccorresponds to on Hc2dw - module
thus ench with multiplicity ore i So are oll. the cuter-mast edges Since they

ore in one Weyl growp orbit )

The pmsitive {/033(
| chomber
|
/I_:.—i— _'\UA P
STENXT
VAP SN
N\ \ /S *
\\ _/J
\ /

Prop : erc%@n Z NN 2 ZIA]1 s free abelion groups.
Pf: Recoll that the mop & induced by Cvirschv. It suffices to Ghow that
{chVay gues o basts of ZCAI™. An obviows basts is guen by €42 Zgew e??,
e N,

We com omder A or N1 bg Mu ff A-p=0oxi+boa, 0. bzo. Then we
See thot:



chva = &* + 37 pe A, e Ofdli’Yl\/)\(M)-é\M
Thus the basts formed by {ChVal Ae A oliffors from thot fomed by 4 &M aenty
by o infinite upper tricmguian motrix with 1's on the oliagomad, thus is invertible
O
Thus to Specfy o rep. it Suffices to Specify its chomacter. For instance,
to determine hoo VA® Vi oecmposes . it Suffices o Check for Ch(VA® Vi)
= chVn- chVu.

o ey, tleny.

Recalt that for Hny, Ee®R = IR™ S IR"=IR{&,~ &}, and H spanned
bg {SI'—EI"H\'I'SH—\. @:{E;—Qj&: @—r-u- é—- where @-r_____ {Ei—gjl "<J'(I ’
§_={€i—8\j11‘>j} , omd (8;‘,8}):89‘. Deﬁne{()(a=€i—£iﬂ | isn-1y the
Simple rovts , then Vi>j, E€-§ = oi+-+0j-. Note that

2 3=j
(O, o) = -\ i=j:tl

O othenste
It folloog that o, otz fom on omgle of BT, amd ol oo, j# it

E'ﬁ- A4

RV .
' . (O, i) =2
o , os i )= 3jj

: |.=||2:3

H* =R, &= 4 mid-ponts of the cube's edges’t . Note that IR® s Clivided
into 24 Weyl chambers, with the pwitive Chamber Ct =1Xl A.otiyzo, =123}
= ‘{)Ll<)\,o¢;>=o,i=|.z,s} ={§,a;};lwell2+k.



A Weyl chomber
inside the cube

Note that the group of symmetny (f the cube i Rot((Dyx 2/2 = Sax Z/a.
The Sa factor geverated by the permutstion of the 4 main diagomals . Howeser
the Weyl goup W= Sa Sits as the gmph of Sign Sa— 22 in Gm( (D,

In genaml, lf 04, olin One the Simple rovts of Heny . A= An-1 thein
Col w.r.+. the Killing form , then (i IR"= @IRE:)
|

‘AA: (%1——#) T —W)
n-k n-R R R
A= (7= s~ )
S ———— — \ - —
R n—R

Prp. Ivep's QJC ey <> A= { SN aieZ:t.
The pof ks almat identicad to that of k3> cue

o (onstruction of Vi ti=1,-un-n
Recl that for +c3y, we hove Va=V, ViazV*2 /. Similarly, cmsider
the d%%ng rep V= C" qf 3y, omd ARV, k= 1,-n-
/\h\/ = €1 Cin~nLik, 1shic—<iksny
Note that ARV x AV L5 ANV =@ & a perfect poiring and ARV = ARV

Prcp. /\hV k=1, -, n-y K irmeducible of hw. Au.
Pl It's eosy to check that ein—naer kb o hw. vector of huw. Ar.
Successive opplication (f eg‘ (1>)y gied ol i n- nCik m



Eg. For sl LIAV2 b o how. vector for APV
ViAVa

\ea
ViA U3
Qz/ \ef;
V2AV3 V] AVs

N e

V2AV4

/e

VaAUg

By the prop, given omy A€ Aw. A= Qdi++0madn-t, there b & h.w. A-vector
Ur = U @ Uau®2 . in-aun®™ € SHVHY® SB /) @~ @ S (A™V)

c VB @ (V)B4 g ... @ (A B0

c VB (V82 TR g .. g (/& B

— V@(O.w 202+ -+ (N-)On-1)

This  Ux geremtes on imeduoible  #eny - Submuolule : 1cn-)- UA.

Rmk: Ang ﬁme oim [ imep oj Uy 18 Contoined in V®Nﬁw some N . Inﬁxc(‘,
Jor oy finite grwp G. omd o fhithfil rep V of G, omd W an imep of
G. we hwe W<€ V®" fw‘ some n. Since Finite olim irrep's of tcky ove
in 1-1 Correspordence with imep's of SUtky, we See that this rewdt /5 on
onalogue of finite grups with Compact Lie Groups.

Now. Similar s for te3y, let M be the Ve module of Hory with h.w.
A Tt hae o umigue moximed proper Submodule Mi (the one which ploewt
contoin Un). Then 3! homomorphism My v, @mying Wt & h.w. vector of
VA. Since VA N imeducible. @x must be surjective , omd ker@r 2 MA. Thus
VA = Mr/MX 8 unigue.



E.g Weght diagroms of Vu for 4lead

VvV

Vs & /\2\/

A gereric irep of e would 8pan o 24 vertices convex hall, gince
IR® fs Oliviced into 24 Weyl chomben.

Def. Animep VA of L 4 colled miniscue i ol wgts belogs to WA
E_g.

». Trvid rep of ony L

2. ARV of Heny, osken-t ( Since ARV hes hw vectsr uia--AUR. ond

ol the other wgt vectors ore Uia--aUic , and ore h.w vectors w.r.t. another
Choices of paitive root System, thus on the same Weyl orbit, C.f. the rext
Section) .



Note that V miniscule = ol wgt spoces howe oim | ¢ Sihce the h.w.
spoce hos dim V. TThe convere & not tue. For instomee. SV @C'p{cm
hes ol wgt Spoces cim 1, but is rot miniscule umless m=1)



§7. Root Sgsfe/ms
Def. A st & =E (2IR" o Eudlicteon spaces) is called o root System
. & spws £
2). ae D = RankE = {+a}
3. Sx (reflections about the hyperplare L o) preserues P, Vo e
vee B supy=p- HBa e
b B>t ZED cz  Cyton irtegers )
The reflections gereroted by Su, ae® & alled the Weyl group.

Def. (& Ey, (B E" are colled equilent if 3 0 vector Spoce Momorphism ¢
©:E—E st Pr=F o Qo @fy> =< >, Vo ped.

Def. If (D E) satisfles =B L Ba, (. Bar=0, then E=E@F: , where
E= !Q@\ Ez=‘p@:z, W2 Wix Wz . Such root SQS'[WS ore uledd deOompooab/e
or reducible . Othemvise it's called indlecomponble or jrreducible.

Rmk: L semisimle LA = L=@Li. Then the root System of L is a
0. Sum of ireducibles, ench corresponding to Some L.

Romk n root systems

* An: E S IR™twith the stanord Euclickean mretric), the subspace of codim |
omd EL (1,1, D=1ei-g1 i), whee 1€ili=iwnni} 4 the Stanlad
boat qc R™ W2z S as= €= = St (K= Kiyw, K= Knd = CHins Kooy Ko Ko

°Bn: E=R", &=4t& 18z g immn iy

S&i (Kir XKivme, Knd = (Kupw, =i Knd Seidgg (X=X Kjw XY = (K, = %], = K, == Xn)
SEi'e)' (K= Ky === K XY = (K1yee s K,y Kiy== Kn)

Thus we hwe 1—(Z2)'—> W— Sn— | = |Wi=2"n

*Ch: (Duwad o Bn)



ExR", ®=1128, tetgs. The Weyl goup is isomopluc % that of Bn.

EZ 262

£, —@ o—
BZ /F 28, C2

In geneml, from a rwt system (D, E»r we may define « ¥, EY) | where
B'=1{ vl ed} ond ov2 2, (Shorten o — longer a¥) , E'=E
Then (BVEY) s st o. root system. In porticular, A= An, BN = Cn

*Dn: E=IR", @-‘—{i&‘:i&ﬂ i<jf
The Weyl grup: V\—(Z/2)"—W —Sn— (2" orly even number

qcs‘gm cl'mgeo occur ) .

Note that D22 A®A (dos2dinediyy. Daz Az ¢ 406> = slids)
Ba2(Gh ¢ 406> = $pd)y, thus to owoid redomdence, we requre that
Antnzy . Banz2y, Gn(nz2, Dn (nz4y

There will be & maore exeptional ses Eé. Ez, Es. 4, Ga.

Def. A root system s alled simply-loced if all rovts hove the some length.

Note that O Simply-(aced root system = its own duad. (eg. An Dn. Es
Fz, Es).

Rork 2 systems.

Toke o, e D, prio Assume that o ,B are not orthagorel ond 1121B).
Then <a,§>=2‘f;\,’=3‘i§—:a»e , <Boa>=EFO  (0<6<L or comider -0t
= 4% = <. B><Box>€ N, but o<cand< |

= Lo, B><Ba> = 4P =1, 2, 3.



B>
Morepwer, Since <g o> ~ 181 21, UC we Set lxl=C 1Bl (C=))

= Ppoax’=1,2,3 [ <Rou>=l =] > h=%, f==
<Bo>=, C=2 = cos9=g: 0= %‘

i

3

<§,ot>=\,cz=3=>a»9=§-, o=
Lemma: If o.8e @, B2tu, (a.@>>0, then a-Be d
Df: Soacg>= B- <5.o<>o<é@ ; Sg(u):ot—<o¢,@>ﬁ6§_5 ordl <oe,§>>o, <@,oc> >0
By the abwe computation. ot lecat ore of ,R>, <B.x> eals I
= gither B-o or o-g € @. Also if B-xed, o-p = Spw(B-ve d. O

From these disoussion, we Conoludde the only pousible ronk 2 rost systems are
(In cave ol LB owd there are np other rovis tam Iol, 1B, we may rescle
B so that I1Bl=ldll.)

Y

\/@

@- —o X P ‘.D(
A®A, /\ Ao

®

B

[ —O

R2Cu &

Note that the Weyl groups of the systems for As. Ba, Ga cre dibeimd
groups Dis=Ss, Dia. Di rewpectieely , but the cutomorphism group of the
gmphs ore Di¢. Dia. Dis reyectively.



Simple  roots

Def. A< D is called a bue if

1. A is o bub of &

@ P=FTUE, where $=-F" and any Be BT m be writhn p4
B= Taea R ol. Ru€Zs.

Elements we A are called simple (w.rt A)

E.Q. An: A={Ei-&wl . S—[_-D-r:\’a—%‘l <)y, S_I_S_=€S.'—8J‘ EESRY
Thm. . Any root system has o. base.

2. The Wey growp acts Simply tramsitively on ol brses

2. 1Boses y < 4 Weyl Chombens §
(Recoll that IR™\ Use@Px = LL(Open) Wey chambers ).

E.g. °

R.2Ca Az

Some Wey
A3 Chombers

We will prove the -theorem in Steps.



Lemma: If A is a bawe, then (py<0, Vo BeA,
P Indeed, otherwte o-8 or B-oe D, which oontradicts Condition Giy of
o base.

Let E™ = E\UsegPu = 11cpon Wejl chombes v 7 e E™, gefne S'on 2
{oed|(r.oy>0}. DvyE {aed| (v.ay<o}l. wedtry s said to be
Oecompmable if o =och+oa for Some oh. o€ S Let Aw) be the Set of
indlecompacable elements.  ~Then:

). Voe Dlwy, oe Z+ AW,

Tndeed . it's true for inoecomposable elements. If Joie Bly), o& ZeAtys, chose
such oo that (o, vy M the Smaollest. Then ci=ct+0ta and 0<(K,¥)=(0l»)
(02, V) => 0h, Otz € Z+AY) = O € ZAY) , Controdiction.

2. oL BEAY), a#EB = (0L BI<O
Otherwise, (.8)>0 => X-B, B-o¢ Qre roots , Soy. a—@e@”’zy) = o= ot-p+f
is  Olecompecnble ,  Controdiction.

3. Ay is o Set of lineady independient elements.

Otherotte, S uea Ba =0 => peso Batk = Syeot-bpp e =
(E.6)= Lhookpco kul-hp) (LB €O => E=0.
4. Ayy is o bosks of E.
Since Z:A» 2B = 20 2D, ol D Sams E.
Rmk: Eoch base A gives 0. portiol order on E: U< iff \-pe ZA.

5 Ay boe A of $=FNE hs the fom Aw) for some PeE™S
Troked, if A={o,—,on}, just tile ony ¥ (7,00 >0, Voie A, Note
Hat thh ¥ decompes D into By amd Dy, amd DTE Dy,

e . but 131=2 =18 = F=Fpy. &=Fw

Cor. There is o natumd bjection between bues and Wyl chombers . o

Prop. Fix A, if o is a pmitie , but not Simpe = 3 Be A st o-Be D!



Pf: Nofe that (x>0 for some Be A, sie O< (oo = FZRyoLY) ond ks>0.
=> Splo) = K- <RSP = Tveavsp kv +(Ra-<Lp>) B

o ot simple = Some other kv 0. Since ey element S eithor 2+ A

=> kg-<t.p>20. By a peviows lemma, o-Be D omd o-Be ZA, thus

*-Be d" ]

COT‘. Eueg 0‘-6@ am fE (/O/‘I‘Z’T‘Bﬂ b X=0h+-+0lpr (Wnﬂ W w'ﬁbn).dl'eA,
omd eoch oh+--+oli € D , ISTen O

Def: Write o= Tvea kv, the height of o 1o cefined s htioy=Svky.

Eg  Miew oroia ht 2
\/ In 89”9%(, J[DY‘ An, A={g-£g2 - En- Enn}
o—

A ® w, it Ei-Enn = Ei~Eat -t Ea-Envhos heght n.
Ax

Note that i oe &t is nat Simple, then by the some orgument b in prop.
Saovr € B, Be A omd it Speedy = hiteon — <>,

Cor. Ay pitive root con be reflected by simple reflections ¢ i.e. reflections
w-rt Px, o simpley to & Simple root. O

Cor. W is geremated by Simple reflectimg. (w.r.t. omy A
Pf: Vol o= Sur- Sui (2 0ok, O, 06,00 €A,
=> Su= 0TS T = Sar- S Swo Satr= Son . O

Note that ., urder S, &= $"\fay L 4ot amd Sx only permutze 4wt il
Serds & t - ¢Cf proof of prop. above)

Def. S=1 T ued ot



Gor. VBe A, Su8>=3-8.
PF: Inoked. Sped) == ( Zwe@g X + (-BY) = 8-B.

Rmk: Note that if 15 is & duad bosts of A, ie < 05> =3j.
Sp(Zh) = TXi-B. VBEA. This Spd-Ea=8-Zxi . vpea
= 3= ?:./L

E.g. Eg%rsomeLAs

oy ohtolz =

o 5
5 ; Oa
—O-ol, -
B2

I 2

pmp. Let o4, ot€ A . write Si=Sui fyr Smplicity. _If S St-itoty € D
=  for oome 1¢j<t, Si St 8t= S §a G St.

Pf. Let Bi=Swm- St-towty, Bta=0t. Find the emallest j 8t B >0
and Sj(Bjy= Bj-1 < 0. = Bj=0f =-Bj-1 = 0= Sp-+ ety . Write
U= Ep--St0 = §=08t0 "= -5+ S¢t St~ §jn

=> |= §jSju-'St Sta-- St = 8i--Gp- Sjrie- 8t-1 = S-S Sjm-- St

Cor. I o= 88t is o chortest way of writing TEW , then TYoit) <0
® A picterial presentotion of clossicad Weyl groups.

We moy use the picture beéow to represent Si= ci, it € Sy

I ™ nun

The J%-Ct _t"ha‘t SZS| SZS| = S 82 IIS Them ;



1 2 3 1 =2 3 1 2 3
i: _ & QM

Thus in the proof of the prop. abwve, rote that Sj. St cin aue of An). S= Sej-gn
=ty ond St= (t,t+n. Moresver, Tloit)= SjuSt-iloi) = o = §0 =0 5t =
SjTSt=0 ( j jirs U — Se0an=0¢y; s 01— StTyy =0gn) = (=t
T(h=trl, not the other woy eround Sine & 8 smallest guch.)

which hoa [ess orssings ! Such graphs ore very weefud vohen olealing with Sn., or
Jor An's whoe Weyl groups are preckely Sn’s.

To represent Siged Sn’s (Weyl grups of B, Cn, Dnd. we com put beods
on the edges to represent & Sign Chonge:

I'2 | 4 nun

l ><|\ X, s

Of cowrse, the besds com glde on edges and ony two on ove edge comcel

I'2 | @ nn I'2 | i nun 12 | M onpan I'2 | o
For exomple, WBn : 1—(Z/2)"—=W —8n—1 s o by reflections -
Se-g.= 8 Cea-£5 = Sa Sgn-1-En = Sn- Sen =Sh

k

X

KU TXH

As exomples , we decompoe the element




) + --.’l 2?_ = ,jzéé = S Sna1SnSm-- Sy
T i = ;i = Sh-1-Sn- Sn-1Sh

Note that these gmphical representutions only work for cloasiod LA's , whoe
Weyl grups ore more or less Sn's with Signs ¢ beodls , o even number of

beadls ).
Ancther woy of Such graphicad  representotion 1 <o imbed  W(Bn) into Son

o Permuting  AXili=1, 2, =N, ~-2,-1) then  SiXy=7m, SitX-1)= Keri
(=L~ Nn-1 5 Sn (%= X-n, Sn(XK-n)="n,

I 4 (&l

« | 12X

ie. symmetric grphs w.r.t the vertical line , Subject to Simplification rules ob before
For Sn nod symmetricallyy. As on example. we am compate the longth of G
(1,402,203, n.-ny  ¢CF oef belao for Gmax)

6 ‘ (U'ymu)— nm l) Vl(n l) - nz

N



Rood Mop: e are moving towaed establishing the  correapomdences
( Coxtergroups : some finite subgraups of Otny genenated by reflections.  C.£ Humphreys
Reflection groups amd  Coxeter  groups

Simple LA ‘s« Irreducible root systems LR Coer Groups
L — DL H)
<3 > WD)

Not 111 Since W(Bn) = W(Ch) 5
ond the Coxter group Din (n#3.4.6)
hove no preimage
Moreover, we will Study representations of LA's on rost System pont of
view ¢ combingtorics ).

Def: TeW. The lemgth of o & olefined as the lemgth of the Shortest
presentution ow o product of Simple reflections. (It moy not be wnigue Sihe
px‘ctoﬁnl,{g, We hm)e:

§< % i.e. S$18.5 =S2882)

N2 #{0xedt| qray<cof = #{ dHn D7}

Prop. W acts simply tromsitivly on  |nJeyl Chombers.
Df- 0. Tromeitivity .
Fix a bue A, with cusoviated (Weyl Chamber CUYY. Take amy ¥ regulor, omd
consider the rumbers { (vy.8y1 e WY, Cluvse T Such that this number
is Moximod .
= (0w, &) > (Si0P), &) = (T, Sicdyy = (T1PY, S-aiy= (gw), 8y = TP, i) |
= (T . oi)>0, ond *>0" holds Since ¥ & chunen to be regular.
= Y eClAY = Ye T(CA) = CrAy)

2). Simply - tromsitivity.



V oe Stbw(Ay, f o1, then T newssanly permutes Simple roots in A.
Toke o Shortest representation Cf 7, 0=S-Sm => Ttom<0 by & previsuy
lemma. ,  Controdiction . O

Note that we howe established the follaning 11 comveeponclence:
{Bmes of a rost Sgsfem?mfwegl Chomberst &2 W = Wey! group
A —  Cla); ¢:Cay < T

Lemma. nury =L
Pf: Write T=Si~Sm o shortest length representation. Then N> < 4@y is obvious
since each simple reflection serds only ore pitive element to D

¥ na <4, then T recessarly serdls some simple root to o negative simple
root then bock to o positive Simple rost oQain, this wauld imply that Such @
representotion con be Shortened, Contradiction. m|

Note that -A is olo a baee =3iTeW, TcAY=-A , then T(DH ="
and. twis elewent hoo moximal length 1811, Thus we om all it Twax. Hovever
Umax is not neoesww‘ég -Id, re. Umxeiy=-0oi & not necmsmlg Hrue Jgr ol
Simple rovts o € A For instamce T=-Id for A but T#-Td for Aa (-1d &
not in the Weyl group).

Cor. . Ligay < v+ Loy
Q). W—l* Z;oﬂﬂz is the sign homomorphism.
Pf: 1 Take the shotest representations of . 0", then their product & o. representation
of oo, not necessonly the shortest.
@. Write T= Si- Sitm > detT=(-1y® O

Structure of o root system
The Structure of @ bose determines the root system:
(E. D, A) =@ Iveducible root systems = @ (Ei. & Ay, (AiL 4] f i%))



A={ol,-on} , amd we hae o set of Cortan infegers <ot o>
Construct 0. gmph T(S) a0 pollows:

(. Eoch vertex Stomds for 0. simple root

@. For eoch poir of simple roots o, of , oasuming lotil > ioy)

4
P ‘ .———z .==‘ é

If i, o spon:  Arx A Az Bz Ga

Then to each root gystem D, we howe assocored it with a Grophical inuariont
@y, ¥ O is reducible, then the connected components of ISy will covespond
to irmeducible Summorcs of .

E.g.
The clossical oae:
An: o—e—o— - —o—o

E-8x E&E En1-En  En-Em

Bn: oe—e—— - —e—>
E-€. E2-Es En-1-En En

Cn" o— —-@— - e — 0
€€ € Er-En 28
En-1-En
-Dn e T
E-E, Ez—sg En-2-En- En1+En

Es: O—O—I—o—o Fe: o—ero—e



Note that i D is imeducible, the E is an imep of W. Inoeed, otfenvise, if
E=E®E" a0 W-reps, E'LE", then omy e D lies either in E'or E”,
Since Sy presenes E' amd E”. This is impmsible if D is irredlucible.

In portiodor, lf D imedlucible , o, B € S, then we om find Te W st
(0To), By#0 Since W-ot must pan £, It follaes that o0, B span o nan-
trivial ronk 2 root system. = %€ {123 3.5}, It fllon that thee

2
ore ot mat 2. root lemgth in an imeduoible rovt system , for othensise Tor =2
B2 [2
iy =3 gR = 6

Def. A root system is calleol simply-loced i all rosts howe the same length

Note that rescaling of ¢, 3 preenes the Cortan integers . Gml thus presemes
the groph. Usislly, we resmle ¢, ) S0 that (o, 00=2 for o Shortest rect.

Thi. Ay imeducible ront system is ore of the following:
An (nz1y  Bnmz2  Ghinzay Dn thpd)

E¢ Ez, Es. R Ga
Tdea of proof -
As we did 3@‘ MoKay corresporderce , we assoote & with:
D s A o TUD) o IR, with an imver product ¢, ) Satisfying o Shortest

2(0l, 0X2)
root o has (.o =2 and Terwm =<M0k> Vo€ A. <0404 >0 ok > =

# of edlges connecting ofi, ofj.
If move geremily we do this for any groph, then the Gssociated inner product
will be:
o. Indefiwite, ie. FvelR', (w,n<oO,
. postve Semi-definite ¢ offine
@. poitive cefinite (Dypkiny
ond. the only possible psitive dlefiuite aue witl be An— G Cases obove.
(C.f: Humphress ) O



More on eyl  groups
For ench oi oy e A, defie maijy 2 order of SiSjin W

l: J \ _] | J\ t‘ _j
° ® oO—0 ——  ——)

ML jr=2 mu.j)=3 md.j)=4 VYIU‘,J')=6

Thn. W hos geremters Si, icA and oefung relatins  s7=1. (Si§p™i =)
over ol I €A.
For o proof., see Humphreys, Reflection groups and Coxter Groups.

Note that Sine Si=|

SiH'=1 < SiSj=§jSi (SrSJ'>4=l & Si§jSiSj = §jSiSySi
(Sigj)g'-"—l < SiSjSi=SjSisi (SFS)‘)6=! & Si§jSiSjSiSj=SjSi§jSiSySi
Thus amy 2 minimal representation of TEW s products of Simple reflections
on be related by the obove relations. ¢ These relations kegp lengthy.

E.g.
X = >§< ( SiSjSi = SerSj 1 oli,of span om A
% ;%‘?2 (Si§jSiSj=S;jSiSjSi: ok, 0 Span A Bad

I we remoe the restriction SP= 1, we obtoin the So calked Artin cbroid) group.
For example . for An, we obtoin the broid group on rvi Strands.

] 2 i i+ n

« [ ] .X ]



Given W, we Moy consigler the connected Components qf E\ UsedR | re
ToC E\ Uxe®Px).  Moreover, if we omsder E\ Usxed R, which i then
connected, we obtoin:

| — T(ES\ Unes ) — Br®— W — |
where Br($y is the Artin broid graup of D. TCES\ UsedPS) is called the
pure broiol group. A rontriviel foct is that EC\ UnedR® is Kemi, 1 !

Generotors ond  relations.
Recoll that ﬁom o Simple L.A., we obtain an irreducible root system :
(LHY » (E.®,A), ond L=HO®®usedla. For cach cieA, we am

fom a copy of e by Choosing  Xi€loi, Yi€ L-ai, hieH.

Prop. L is generated by 4% yi hividi as a LA.
Pf: Recoll that i o.Be®, not propotional amd non-zero , then [Lu, Lpl=Loug
(Lasg=0 if org& 5. Moreaver, omy e &' o be writtn a6 o sum of
Simple roots o= ol'+--+otr Such that each portiod Swm Oi'+--+ols (1$8sr) S
o root = L= Lot~ Clot,LaT]. Simlordy for oe &7 =
Relations  satisfied by 4%,y hi} : oefine Cj £ <o, o>= Ef{%% € {13.12, 1. o},
Then: ty. Chi %1= Cji %

tiv. Chi, Yj1=-Cry;

tip. Chihjl= 0

(v. [ Y= S\jhi ( since ifl‘#-j. X yia liea in Lo(.‘-olj=0, oA ou—otj&§>.
Moreover , e hove the Commutation relations between 4%, %y ,4Yp. Yy 's.

oli ol

- Al@A\ AZ
) \ / e

J

Wjouy=0, [Xi,XI=0 <O xi>=~1, [, L%, %X11=0



o] &

B2 . G2
oli %
o oli>=-2 O D4 [, Xj111=0 <O 0i>=-3, [0 [, L4, %J111=0
Hence if i#]:
. (admy 4™ ixpy=o0

wi. d Yy ¥ wyp=o

Thm. (Serve).  Given an imeducible root system D, A=4ot.—ont, the Lie
aigebm with geremtors 47 g;,lfu&.-i. sotisfying the relations () — (Vi) exists
ond is finte dimensional and simple.

Free Lie algebrms
Given gererators .. , then Ol possible C- Linear combination of rtercted
commutotors  CX:, ;. DX T, Xedd, [EX %j1, [ X1, - modulo  the relations :

. Anti-gymmetry: Lo, bl=-Lb.al

. Jocobi's idlentity: CO.Ub, €11+ Ch.[C.a11+[C. [0, bII=0

s the free Lie algebma gerenated by %, %n , Olonoted FLACK,—%n).
Compare with the fnee ossocitive olgebra. T, %>
LFLA (X %n) = @K Xn > (2 tensor adgebra. over 7, %Xn ) |

quf Of Sere's thm.
Fomn the Lie algebra L' with Qenemtors 37, Yi hilizi . Subject to relation ) —cu,
Since  [h, Co.b11 =[Ch.a3.bI+CQ Th.bll, we see that. by relations (i (i) iy
tems involing h can ehoys be reduced to those only involving xi.yj's. Further,
[%,Yj1 con always be reduced into @it Chi 2H. Thus we See that :

L=+ +H+LL

where L+ is the subnlgebm geremated by 44t . L gerersted by Ayt



Lemma. L'=li@HeL:

Pf: This follows shee we have o mutti-grading on L', by assigning  Olegai= o
degyj=-o , deghu=o0. 1si) ksn. This gues a gmding on L' by the root
attice Ar . Since the ideal gerercted by the relatims presenes the grocing .

Ar - Qroding

[XiXil=0

Cor. Any ideal T of L' respects the groding: 1=@reaINL
Pf: Look at the H action, tiis grading is just the H- wgt decompoaition. O

Tdeo: toke the simple Quotient of L'. i.e. -toke the Sum of al Such ideals of L
that cloean't intessect H, ond by the con, it's stil on ideal. But fintly we need

to Rrow the Size of L', in porticulor, if it's sufficiently lage cron-05. For this
Purpose. we shoul Considler o Sufficiently lorge rep of L'

Consider @Co= C-u , the trivial rep of Li®H. hv=o, Xv=0.vi. Then
Tndiiisety Co = Co®@uuttern L'y hos the ome size as LcLl) = Y, Yn>.
(Since there ore no relatins among Xi's at the moment). In other words, we
moy build o LA(L') - moolule out of C<Y~yn>-v 2 Mo, a8 Folloss:

Mo = (E{(_,f.‘. YimU | 1¢8, -, tm €N, Me Zso}.
Yi octs by left multiplication : Yi(Yi- YimL) = Y- Yim U,
hiocts by hiv=o0; hili-Ymu= = Cind) Yt Yimu
Ni acts bg XU =05 MY HIMU-—;E, thfjn Y Wi (Yien--Yim Uy
= 2 it T (-Cit.0) Y G = Yimv:
We com check that the relations (h—avy hold for this action. In powticulor, this
orgument ghows that i, i, Yi #0 in L



(Actuolly. Li are free LA’s on gpremtors 4% vZ and 44itE reap.>.

Next. consiler the ideal D- of L. geverted by oll Y2 (olyey T typy. iv).
Cloim: D- is on ideal in L.
It Suffices to check : C%e, D-1&D- , Che.D-1D-,

Che . dyn™ ™ cyp1 just resmies the element.

Lo, Ay T (yp1 : there are 3 csen:
IJC R+ i), it's 0.
F k=j. [ @adyy 5™ eyp=(adys ™ a5,y = tady: T ek

- {(lf Ci=<oj.u>=0) Y. hi1=Ciyi=0
(if Gi<oy=[-TYiLyhj13-3= [ [Y:. Giyid~1 = O
I k=1. (e have a oy of vz @i yhit S L. As om 4e2) - module.
hi is clingonalizable on L' and Yj geremtes o copy of #l2- Verma modle.
Indeed. [%i.yj1=0 omd gjni'gity:.gj:lrﬂ‘ﬁ»fg; Y. Y31 — - Yj has how.
-Cji, ond thus From our bnooledge on H2>-mooules we ko that
C, odyy T ypl= o

o)
Y
-~ e @) & & %)
\—V_—d
on imeolucie tlca; Y
Ve Submaglule

Likewise 10dxiy I cx} genenates an ideal Dr of L'. Thus taking thein
sum. we obtoin on ideal D=D+@®D- of L' Let L2L'/D. which is St
Qroded by L' Since D is .

Cloim: L is simple and has wqt odlecomposition guen by the root gystem D.
Indeed. note that odx:. ady: are (ocadly nilpstent operators on L ¢ not on L,
that's the Olifference). ie. they act nilpotently on ol Qenerators 1% ya. hatr=: ;



odhi octs Semisimply on L' (thus on L). Hence L Con be decompoed into
L = @ finte dim( irep's of i,

Bg owr construction, Hel, Loi=C%, L-xi= Cgf. = dimLo = dimL six
from our browledge of finite diml slco-mociules. It follows that dimLg=1, VBe P
sie WA=® Furthemore, Likg=0, Vk>I , Sine this is true for the Simple
roots , ond 0goin WA=, Finally. QC Ber is not o multiple of a root, then
for some CEW. TRy will hawe both possitive ond negative Coefficients w.r.t. o,
ord hence Lop=0 =>Lg=0. I follows that L is simple since H is a CSA
L=H®®sed| o is the root deromposition, and D is an imeducible root system.

AL‘bgeﬁ\aA. the above anguments prove Seme's thm.

Cor. D is the maximol iolead disja'in’t‘ ﬁvm H.
Pf: Indeed, f D' iS amother Such ideal. L.—» L'/(D+D'y#0. L Simple
= D+D'=D = D'eD. O

Cor. (Uniguoness of L. Isomorphic imeduocible root systems gve rise to isomorphic
gimple  Lie olgebros.
. Our oonstruction only wed the i Cii = <oti.0k>, O
riegens Ci )

Cor. Inclusion of creducible root gystems (E' &> = (E.3) gie nise to
incusion of  (semi> Simple LA's. O

Cor. (Existerce of exceptinal LAs). 3E4.E7, Es. Fa. Go sime [As. O

Rmk: By our construction, LelL+®HOL- . L@H is sounble ( OCtuplly @ maximal
Soluable Suba@ebm in LY, called the positive Borel Subalgebra in L 5 L-@®H the
negative Borel Subnlgebra , (which is pooitive w.rt -A),

Foct: Any moximal Soluable subolgebra of L &by For a pwf. see Humphreys
or Stembesg.



Eg sl v
X\ %2 Qenerofes L+, subject to relations [x.[X.X11=0 and [X2.[X,x11=0

= Ang double commutator is 0. by Jacobi's idlentity.
= L+ i generoted bﬁ X, %2, T, Xal.

Automorphism of  Dykin oliagrom.

Now that we hawe an exact Sequence :

| — WP — Aut Dy — AutDy/ Wi — 1

Since Autt® octs tromsitively on the set of bases & of D, amd WD acts
simply tronsitively on the Set of bases = Autc@r/Wd & Stabaud (Y, ond
thus the Sequence gplits, since Stabaeg(Ay s & Subgroup of Autt®s. Hence
Acte®y/ WP = Stobac (AY con be identified as the outomorphism Group of
the Dynkin dliagrom . Olencteo, Aut([’y
E.g. For Ds. AutDz 2/,

oY

1Y+ AL Bnmni2, Crnpay , R, Bz BEs. G
AuttTVE S ZA:  An (n22), Dn(n:s)
S : Tu.

In genml .

Moresuer, fixing o C.S.A. H of L, Auatcl.H) satisfles:

l— (€)' — Aut(L HY— Autcd — |
Indeed, the kemel Comes from reacaling : X > Ao, Woti— hai,  Yoir— X'yYoi . and
tus one O Jor each o€ A



Rk: Atlse G/2G whee G is the simply comected Lie group with
LA L, od 2By s conter.
(to be shoon in the next Semester).



§.8. Finte Dimensional L~ Modlules

Recoll that we bnow olready , Jor finite dimensional s - modules. we have
{Iveps of sk} <> { Positive integral wygts de A'}

The story is more Qererlly true, for csemis Simple Lie olgebms L.

let A={o,.on} be o bose. Ar = root latie = Z-A. A= wyt latice
AT S A the abelion semigroup of integral wgfs st <h.oti>z0, VoiEA.

The Jumdamental wgts i, Dn§ are defined by <M. oy>=3j. Then A=l 2N
ond A€ AT iff A= ZQidi. Gie Zso.

Toke V 0. fwite dimensimol L module, = @uea Viw. Reall that we oy
veV is a h.w. vector f L+ u=0, or equivalently. %i-U=0 for each Simple rost
vector.

Furthewnore . if V is imeducible. V has a h.w. vector ve N\, unigue up o 0
non-2ero stolar , and de AT

Recoll that oA on 2yei - module ., V decomposes an direct Sums of irrep's omd
dlim Ve = olim\/¢ Swpy => the wygt dlidgram of '\ hos W- gymmetry - chevy € ZLATY
In porticulon, this shows that the h.w. A e AT, sine othenose . th ouy<o =
A= uoli>ol > A s omsther wgt of V. Note that the wygt diagram lies in the

convex. hall formed by W-A.

the positive Weyl
chamber

A comex halk
(A

Thuss gen \ an irrep, we con find ve Vi o hw. vector,
= IMEBV—o , By, wee Mis te \ewa motie of hw. X
(Mrae LULO-Un, heun=ddwun , Xiua=o0, Yizl-.n). Futhermwe, V imep
= f is sunective. Now we omelyze kerf.

Now thot Ssihy= A-. oi>obi=A- o, G2 o>, T dimVer- oy = |
ond Nov-0ioy = CYfiun. By the cowexity of the wgt diagmam of V. 4" =0




Qi )
—:>. Y~ une kerf.  Furthermore . we cloim that ) I
Yron is o how. vecto of wgt A-(Girnod Chamber
Indeed, if j#i. % gf"umg?‘«jw\:o.

¥ j=i. ths Jolloos fom the fact that ‘ N
the l2y Verma module Mm Contoins a Q/ \ >\\(§u
unique maximal \Vermo, Submodule M-m-2. (mz0) ‘ A °

This is true for ol cie A = 3 homomorphism Z

z
-.él M- it — My — 0

Uh-@itnou  +—> g?"ﬂux
Prop : WAZ M /Ime is o finite dimensinal imep of h.wo. A
Pf :le will first show that  the quotient is finite dimensionod. Fix i, and look at
sy 24X i, Yt ond its action on Ma/Imz. Our first observation is that the
action of i, Yi ove locally nilpotent, i.e. xiNu=o, yMu=o, Vve Mr/Inz, and
Ni>»o. Ths is au(z:mat«bﬁw xNvy=0 since al wgts are bowrded above, For the
Secondl equelity , note that it's true o UM by owr Okf  Furthermore, omy veM
ks of the Jorm zcg....j,,g{"--- U (PRW. Tmy. The Secod equality folmos now
Since Y acts ad—rulporavrt@ on esch Yj omd m{pofevrdg on UA.

Tt Jollows that MA/ImT decompmes into cpossiblely infinitely many> dlirect Sums
of finite 2)i - moolules. = The wgts of MNImz are imriant wnder Sei.
Since this holds for all cie A, the wgts of Mx/Imz are inarant urder .
Moresver, the pasitive wgts bownded by A are Sfinite
= dimMi/Inz is finite

Recol that every Verma module hoo o unique
maximod proper Submodule Ma . st Mxa/Mx

is irreducible. Now Ma/Imz is fiwite dimensionad < SO %
Oyclic , thuu must be irmeduoible by reducibility of / \ \

finite dim'( L-moolules => TImz=MX, tus Vi
IS irreclucible O

Only Fiwrtely mony
paitve wgts bourled
N below A€ Ax.

Note that M2 Ll yun & C{YP--ybur, bie Zso b, Thus



dlim M = #4 presentations of A-u as sums of paitive roots§
In portiouor, we con Count the dimension of wgt Spaces of VA lying above
Imz . which are : dimVeps = dim M)

M
+ dim My = dimVewy .

//'m.(ﬁ\('h\w// B

Constructions ¢ existence )
VA, A= %0k . 0i€ Zro. Tn poetioulan, f A=Ai, & fondomental wgt. we
howe , bﬂ owr Construction, Vi = Mui/Imz = Mxi /Djsi Mli-o4 © Mhi-204.
E.g. (Trivied rep 06 Mx/Imz)
Vo = Mo/ @2 M-0i = CVo

Y Lo Yalo

G

In geremd, similor oo for shony, [f we have Vni, then Vi wouldl be contained
in SHVA®--- @ S¥\/an |

Now. each fundomentod representotion is lobeled by the vertices of the Dykin
diogrom , o < VA, we look ot Qoues.

o v Mo
@

Heny: Let V be the defining representation of Sy on "\

Ana: @ —=o - —e——8
V. ARV AV Ny APyeVv*

gocany: Let V be the clefining representation of 0 on C



VoA AV AV En1-En
D o— oo
E-€ E:-6a En-2-En-t En+Ey

We mn check that . Vv, AV, A"V are ivep's of dony of hw. Ai-daea,
h.w. vecton Ui VAV, ) UiA AU rep. by applyng LL-> on the h.w. vector
o, Counting dimensions.  For instance :

Vn

V=V .__Hl_.i.__ o Yna Ynn Yn Ynz y

Ui AVFY Vi Un-i Yn Une Un+2 Van- Van
Vn4

nn

LK}
Here recoll that \/ is the olefining representation of = | (* i*): }, the CSA
H= Seonthil hi=@ii - Envinvi1gien} . V hos s basis Vi, Uan, Vi= (0,040 0,0.-.0)

i-th n

(1g1<n). Uin=(0,-, 0,0,

=, 0,0,
—_—
n

h-UO- Ul : (llo' "'lo) UVH'I : (Oo O) ---l_l)
Va ' (0,1, 0) Unw2: (0, 0,--1,0)
Un: (0.0, 1) Uzn: (-l O, 0)

A'V=Vaa. Sree Vi is of wgt (1.o--.01, U2 of wgt (0,1,--.0), ULz is of wgt
.1 0,0 => Via EA*V. Moreover, 1Yi list—n} aamy LAV2 to QU ViAY) (<))
thus AV is oyclic amd A*V'=Vae, and viavz is of h. gt

In geremd. V, 7V, NV fom the furdamentsl imep's \ip, .~ Vdwa, by
o. simior orqument 0 Gbove.

The furdamental rep's coresponcling to Eni- €n Gnd  En-+ En are aolled haff
Spin rep's . which ore not rep's of the compact Lie grup SOcany. Recall that
™ SOm)= 2Z/2 J%r N3 S0@ = Sue/tn = &Y 2r2IRP* ; SOtn-nc—s Som— S
= =TS8 - MSDn-1n) — T8O — TE™ Y =4} (23> => THSOMZT(SOM-)



Thus the universad cover S’&mﬁymadoublecuvergCSO(m. This is @lied the
Spin group  Spincm.
Fact: The Jumbmental rep Van-, Van are rep's of Spincany which olon't glescend! to
SOam ., tus are not buitt from V.
a1 = (0, 1, =1) =5 A = (5,3, =3)
O = (0.1 1= An= (3,
The wgts of Van- (Vanyare within the convex hall formed by W-An+. (WA . Since W
corsists of interchowging Coorolivates ond even rumber of Sign changes .
W-hn = { (13, 13,13 | even # of -"}
(odd % for An). Note that the only wgt within the Conex hald i3 0, which &8 not a wgt
of Vin- (\Van) Since its difference with any member of Whn-i ¢ WAn) is not an integral
combination of roots. Tt follows that climVin- = Size of WAn=2"", and:
Vin-i = @ Vanar (23, -1 £4)
Van = @ Van (23,3
with even number of regative signs . onol eoch wgt Space /s I-gim'l, Sinte they are
on the Weyl group orbit of the h.w.

E.g =006y, since their Dynkin clingrams are the some .

o o o Y = '<: 306>

Ouer IR, Spins> = SUE3y . these 2 furdamental rep's gre isomorphic to the olefining rep
@C* of Su®) and AT =(C*Y"

Note in porticdor that if n is ewen. A= (-3.-3,--3 €WAn1 amd -An=
(-2,-32, - e WAn, omd Bus V- omd \m  ore Self - dual. On the cther hand,
l:jc nis odd, e \/):-: ool \/A-);-u =\Vn Since now —An-t € WAn, -Ane WAn-i.



Jon+1y: Again let V be the dq‘?m'ng representation , Olim \/=2n+1,

The oifference here from SOy cue is that now O i @ wgt besies (o, x), -0}
(In pasticular , V is not miniscule now Since 0& W-hi.) Indeed. recald our congtruction
obout 440(zn+) = 1(( I:H with CSA {( ) , ond the CSA kills ¢1.0,-~0) .

VRV AV A"V Vin
Bn: @ o -0 - —e——9
E\‘Ez E.-€3 EV\-I'En EY\

The fmdme/nml rep's Vi.- \Vnwa are constructed similar o cbave , while there is
only | Spin representotion Vin. \n§ ®\/®""3€r oy m (since -1 of Spinem wowd act
0d I on V" Futhemmore. Vo is miniscde with h.w. An=(Z, -~ =) ol wyts

WhAn= {(£3, 23, - 233t crecall that WB = (#2)'% Sn, all sign Changes ore there !
= oimVin=2"

Dual furdomental representations.

Note that Ve V* olways gives an Qutomorphism Qf the Dypkin dwgmm
Ay : v % N

— 00— - — OO
V AV AV Ny Ay eVvE
Ry = (AR )
Jo0n+\):
VRV AV AV Vin
——eo—o— - —eo—>—9
Ev-E. &:-Es En-1-En En

The only outomophism of the Dykin dliagram js trivipd. thus all fundamentad
rep's ofe Seif- olusd.

soL2n)y .
V NV /\5\/ ‘/\“V<: En-1-En
o 304n+2)
EI'EZ E:_‘Eg E,\_z_&‘“_‘ En- \+£v\ ‘> ﬁr

For 4040y, ol Jurdamental reps are self-dual, since in this aose, Viame Viar-
A Vaan. On the other hand, for 906n+2), Vzn = Viana, Viame = Vaan , this

correaponds to the non-triviad flip of the Dynkin dliogrom




To summorize. ony rep V of domy is self-cuad if m#2 imod4y . (m=2. SO
Uy and imeps are parpmetrized by the coinding rumber Z+— 2", Vens' = Ve-ny ) |
E'S' 30(5) = Ip)

(V5 Aa
M
[ = —Q

Bz
®
Oa O Xa
M
[ / @ O, ol
[ J
dim\Vin= 5, which i the dim\Via=4, which is the dg%‘ng
5-olim'( otg‘fm‘rg rep of 0G5> rep of <pc2) on H*~C*

(note that -there is only one way

to reach 0 by Y. Yu's . owd thus
olim VA (0) = 1Y Note that both rep's are seif-clual.



® Swrwory of Lie algebras and their representations.
» L+ ony Lie olgebra over C. Then:
0—RadL —L — L% —0
ond L°% = @ simple LA's, where Rooll=maximad Soluable ioleat .
® Simple LA‘s /€ <= Dypkin diograms An. Bn, Cn. Dn. Es.Ez. Es. Fa. Ga.
® There is no woy o classify Soleble LA's except in low olimensions , ond there
is no Classificatin of representations of o given Soluoble Lie algebma. ¢ Vet any
finite dlimensiongd irrep is | dlim(.y. Solvable subslgebras of ofiny are cmugate to
Some Subolgebra Contoineo in the upper trangular matrices.
* Clossfication of rep's of & 8.s. LA:L =L@ @Ln, Li simple. Then any
finite dim'( rep U of L is completely reducible : Uz @- @\, and each
Ui is of the fom Vi@~ Vn where each Vi is an imep of Li (only/c!)
® Finally, if L is simple. then upon choosing o CSA, we obtain . root system
talt CSA's of L are conjugate , thus give isomorphic rost systems) , and by choasing
a base. we obtoin & positive root (attice and posttive wgt lattice \*
{ Irrep's qf L} <5 1positive integrad (olominowt ) u)gfs&=/\+
The basic buildling blocks are the furolamental wgts A~ A, in the Sense that
i Ae AT, A= Qi+ Ondn, then VAS S*Va 8-~ @ S™Vin



