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31. Generolities
Let X.Y be smocth projective uareties and derote:

/N
T Ty
X Y
Def. let ©e DPxxY). The induced Fourier - Mukoi Tmng‘brm is the ﬁ«nm‘or\

Txvp: DO(X) — D°CY)
E H"QK\#*(@%T&E)

Exomples:
w. I fX—Y s a morphsm ., ond congider P= Oy € DxxY), Then
Jx-v.0(8) = QTTY*(COIgé T E)

= Rityx (Rix Ox ® THE) i X T CXxY
= Rty (Rix (OxB LI*T'E)  projection formul)
= Rfs () (Tyoi=f, Tixol = 10x)

Yyox.e (F) = Rixx (O ® 1EF)

= Rlyx (Q[*@xé 5 %)

= R Ri*(@xé Ll.*(ﬂ‘rg))
Lf*&.

@. Any lne bunde £ on X defres €—E®L an automorphism of
DAX). The comesponds to Ox—ox.p. where ® = Axd € Gh(XxX) .

@. The shift functor T: D) —TPX) is guen by the FM kemel
OAD]-

@. If PeGhx) is flat over X, xeX a dosed point:
Uxov.p (R = Pliixy € GhYN,



Composition of FMT's,
Let X,Y.Z be smooth projective varieties. P€DUXxY), QeDTYxZ)
Then Re DXx2) IS dgﬁned to be
R = Tax (Tv® @ T2 @)

Prop 1. (Mukai), The CompOSIUon
Dy & piyy 98 vz
i8 isomorphic to the FMT dg.

Pf: xxsz
'ITxy Tl'\'z
(P- )Xx‘r sz( Q)
Ix \ / Qz
) 4
X Z
We have:

Jx—z @ (E) = Pax (R®PXE)
= Pax (Teax (Tixy® @ T2 @) ® PXE)
= Pox (Thax (TP @ T2 Q @ TKE)) (Projection formula)
= Tax (Y P @ Ty ork€) @ Tz @)
= Tzw (v (PONEY® Tz Q)
= Qax Tvax(( (PO ME) @ Tz )
Qax(( Tvas (Y (PO XEN® Q) (projection ﬁnmulm
= Qax( W (N (Por¥eEn ® Q)  (flat base change)
= d*r—ez.@ ﬂx—-ﬁ.b(g), O



2. App ication 1 : Abelion Uaneties

Let X be an abelion uanety qf am g >< its oual .
©: the normalized Poinoaé bundle on XxX . normalized meaning

that Olxxe & Plok are trvial.
JE Jgox.b. d = Ix-8.6.

Thm 1. (Mukoi) There e isomorphism ?f flnctors
RY - RY = (-1 7* -4
R4 RY = (-1 -3
In ofher words. RJ gives an equivalence of DX and DR), whase
QuOSI- nuere is guen by (-43Y% -RJg1.
Pf: It suffices to show the fitst isomorphism. since X=X By
Prop 1.
Qdon/J\ ngdx—ax.H !
where H= RTax (RTEP ® RTasP) eD1XxX), and Tas XxXxK —> XxX.
We are reduced to mlcula”ring H.
Thm. of cube => PEP ®Pap =imx1*@ . Thus XxXxX T Xx X
H= RTax ((mx17*0) lm*\ l"‘
= m* (R (flar bose change)  XaX —"> x
To this point, we quate the following theorem . whose proof is given
below:

Thm. 2, (Mumfor‘ol). Ruxxf = Roy[-1.

It follows from the dliagram:

_l_ t %XXX

ool

0 —J4 ¥
H= m*(Rxx£) = m*(Ro)L-g1) = Ore -9, The thm. follows from our
example (i, =



pm‘ff caf Mumford's  theorem.
Lemma 1. I £ePic’tx) and 4 is nontrivial, then
HR(X,Ly=0, vReZ
Pf:Let 26 Peox), ond L2 0x, seH(X.L) =
Ox = £
cidy=0 = divgy=¢p = Ox =>4 . contradiction.
Inductively , Suppose we have shown that HRX.4)=0, v k<n, Then
X L9 WxX T X
N~ i “7
N X, 2) 4297 Hcex, mely S5 Hey 2 )
{1l (See -Saw)
HY XX, T @ 1)
SII (Kunneth)
@r=o HYX 2) @ H X, L)
l(‘) (HX.2)=0 and induction hypothesis)

= H”(X,b =0. O

Lemma 2. Rmxx(®) € D®3UX) hos cohomology  Supported at ©.
Of: That Rmx(P) € D% (x) Follows fmm

Xx X~ X
bein8 Smooth #’ relative dlimension g.

Next. ¥xeX a Cosed point.

X — X><>2

l lTEx

Xt X
The oef' of Poincaré line bundlle sy that Blug 2 Pce PRy s
non-trivial iff x=0. = i xxo

Lt.tpﬂfx*(p) = QP(LJ*P) = RP(P)() =0



By semi-cortinuity,  Rix« () € DGn(X) has cohomology only supported
at 0. The lemma follows. 0

Lemma. 3. |
oxs\( —J-*X><>2
| |
0 C—"—) X
Then
LiRma(P) = RI(L*P)
= RI'(Og)
=~ DHI(X.08)[-i]
Moreover, HM(K, O2) = HAX.ws) = R

Since Rx«(P) is Supported oly at o, to See what it is, it
suffices to make the flat base change:

Sper@x,o";( — s XxR

T

SPEC@X,O — X

= [* Qﬁx*p = QP*(J*P)
2 K (K=K = —KY)
where K* is a complex of free Of.0-modules. By lemma 1. K’
has cohomology Atinian Ox.o - modules  Supported at o

Lemma. 4. (Mumford) Let O be o reguar (ool ring of dimension g, Let

K 0K oK = —K8—0
o complex of free modules ower O. If HK) are Artinian modules.
we have H(K)=0. osi<g.



Rf: [MWVH%IU §B_ Rig]
Nothing fo prove J%r g=o
Choose xem belonging to a system of pammetrs o that O/x0
is requlor local of dm g-1.
= o0—-K&LHK—-K —0
= S HUKD) = HIKDY B HIK) = HIK) — -
= HKY 5 HIKY is injective for ogi-<g-1 , by induction
= HiK) =0 o<i<g. 0

Pf of Thm2

By lemma 4, we know that
K= H(K) -g1e DO
To cdleulate HIK"Y . we use
HI(K) @0 koy = HY(K'®Ro))  (since RSP =0)

= Hs(p[m&)

= H3(03)

=R
= 0—K'—~ —Kd—k—0 hos cohomology Artinian and
only Supported at deg g. Thus K¥Imk®'—» R and when reduced
med Mo, 'S an isomorphism. By Nakayamo's lemma.,

K9/ ImK®" =k
ond thus K" —Reg1 is an isomorphism in - DXO). The thm. follows
O
Cor. 1. Hi(Xx X £) = { R. i=g
0. otherwise. 0
Cor. 2. H(X.0x) = AR

%C= Since any fnee resolution in Mod(O) of R are homotopic,



K' = Koszul" € DYO)
where Koszul' = @2 (0% 0)  (xiem i=ig fom @ system of
looal coordlinates).  Thus by lemma 3:

RIOR) = (Kasaul) ® R
= @32 (h2h
The result follows.

Ensy  consequences :

‘Def;\ We say that wepR index thm. (WIT) holds J%r Fe Coh(X) f
RJI(F)=0 for all but one i. This (., denced icFy is called
the index of F and the coherent Sheaf R““d (F) on X s
denoted £ 8 called the Fourier transform F.

We say that index thm (IT) holds for F if HiX F@i)=o
for all £ePic’tx) and ol but one .

Rk Bose chonge thm = (IT=wiT). The pf of thm says that
Ox sotigfies WIT but not IT

Cor. If WIT holds for F . then so doms for F and icF)=g-icP)

O

Cor. Assume that WIT holds for F4 G . Then
Extin(F.G) = Exton(F.G)
¥, where U=i(F)-i@). In particulor
Extox(F,F) = Extig (FE)
P Extox(F,G)= Homzeoo (F, Grid)
= Homey ( Rdx-&(F) , Rdx-&(G)Li2)
= Homo*g ( }’:\ C-iF), @r[—i(@H—i] )

URY-I@)+i A A

= Exteg (F.&). O



Example: Let k) denote the Skyscraper Sheaf Supported by Xe X
Sice Hi(X k@11 =0 v i>0. 2ePc’K). 1T holds for ReR).
i(Rn=0 & RX=Pg = WIT holds J%r P& | i(Po?)=8 2 Ps
= R-Ry. But IT doesnt hold for P3.

(or. Assume WIT holds ﬁ)r* 0. coherent Sheaf F on X. Then we
have :
Hi(X,F@Ps) = Bxter (R, F)
Ex’f{ox(hcoo,F o HP (R, Fo Py
H(X F®P«) _Ext(p'x F)

~ E t_H-l.(PQ) i(F)
itg-1F)

A&,FA:)
= Ext (RRY,E) O
Example: A vector bundle U on X s colled unipotent | if it hos @
Tittration:

o= CEUIE - CUmCSUn=U

st UilUi- =Ox  i=l,-.n. Snee R'dx-% is exacr in the mioddle
WIT holdg ﬁn u. c((,h 3 and the she@" O is supported at BeX
Hence -

R¥Jxo5 + (Unipotertt vector burollesy) 2 (Skysogper sheaves ot 6)

SLQ.2) - oction,
The fo[(owing beautg“ul result i8S due to Mukai:
Thm 3 ( Mukai) Let (X,L) be a principally  polarized abelion ety
with the isomonphism: A
O X =X
x = Lol
Let d: DX) —DX) - Dx) be the composition. Then



(i, 9% = [-297

. (Lecd(-11° = [-g3
.e. modulo dimension shifting. this dgﬁn% an  SL(2.2)-action
on DX). by assgning:

(°©3) — d



