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31 Hopfologicel - algebra g

In 1994, Crone and Frenkel published their geminal paper * Four-dimensional
topolagical quontum field theory, Hopf cotegories, and the canonical bases” .
There they proposed 0. progrom adlled  categerification . hoping to (ift

the combinatorialy defined 3-manifold invariant constructed by Kuperberg
o a 4d TQFT

Donoloson - Floer & > A 4D TOFT 17

H " Categor‘l' ication

Kuperberg: Ugth) -invarvart of WRT- 3D TQFT
3- monifolds

associated with Ugeda)
®Q: a primitie n-th reot of unity

Digression: Homological - algebro.
Assume, for smplicity, that we work over a  ground fied k. Homologial
olgebra. has the J%/(owrrg Jeotures.
). Chain  complexes and their cohomology groups
(K. d): d:K'— K™, d*=0 |
oy . Direct sums of chain complexes
. Tensor products of chain complexes : K'® L
3). Inner homs between chain complexes: HOM'(K:L)
‘ HOMIK L) e= £ KT — L] ftKR) ¢ L}
dif) = dof - (-I>Ue'fod.



4, Tm‘angular structures.

Homological shifts / cone constructions | s.e.s. leading to dt.
TRI — TR4 etr.

Homological algebra plays a. _fundamental role in categorification Since it gives
0. systematic liffing of abelian Sfructures

X (Ko)

Dtk - 7
K’ — S -1y dimi K
® = addition
® > multipliaation
fensor unit = 1
1] -

multiplication by -1,

Rmb: If we repbce vector spaces by graded vector spces, we get a
Systematic lifting of “quantum” abelian Structures :

Kol kK-guect) = 209,971
The grading shift 11} decategonifies fo multiplication by q.

® Observation: Feature ()-@) ore reminiscent of some basc constructions

in represertation theory: If G is sme goup. H=kG is a Hopf algebra
o that its categery of modules H-mod has :

m'K & L € H-mod

@ K® L € H-mod hik®{y:= Z(hmb) ® (hat).

@ HOM(K L) € H-mod (- ficky = Z hayf(Sthaw)).
Thus y-@) aboue con be vewed as a special case of wy'-@)' for the
Horf  superalgebra. of dual rumbers H= krda/d.



® Question: Are there analogues of the other features of  homological
a(gebm ﬁr* H-mod 7 For instance, what is °cohomologg "1

Any chain complex/k  decomposes uniquely into dlirect Sums -

(@0 —k —-0)B(BO0—k—k—0)
Toking cohomology does  nothing  but Rilling the  second Joctor, which is
a direct sum of free ked1/co? - modues.

Less obuious is the Joct that (0—k —k—o0) is dso injective. In fact,
keda/d® is o Frobenus  superalgebra.

Thm. (Sweedler) A Hopf algebra H is Frobenius jff it is finte-dim'l.

Qur question reduces 1o asking how one can systematically kil - projective -
and- injective modules.

The Stoble  category
Intuitively, the stable cateqory H-mod is the categorical quotient of H-mod
by the dass of prgjective/ injective objects.

Dégf. The category H-mod consists of the Same objects a8 H-mod, whie
the morphism Spaces between any objects K, L are guen by
Homu-mod (K, L) := Homm-med (momhieme that factor‘)
through pro/injectives

Rmk: The notion of stable cafegories makes Sense for any Self-injective
dlgebra., not necessanily those coming from jfinite-dimensional Hopf olgebras.



Thm. (Heller) If H is celf-injective, then H-med is triangulated

In general, the morphism Spaces between objects in some stable category
is hard to compute. But for a stable category arising from o  finite
dimengionol Hopf algebra , there is a conceptually easy way to compute
them. T do this we need the notion of integrals for Hopf algebras.

Def. Let H be o Hopf algbra/k. An elemert N\eH is alled a left
integral in H if YheH,
h-A=éehA,

Thm. ¢ Sweedler ) An\cj ﬁnffe dimensional H hasS a non-zero /'megml. unique
up 0 a non-zero Constornt.

Examples i.H=kG (G finte group). A= Zgea g .
@, H=ktdi/cd, A=d.
@. H=ko1/(o", (chark=p>0), A=0"

)Dmp. let H be a fnﬁ“e—olfm'l Hopf algebra, and K. L be H-modules
Then
HomH-med (K, L) = Homu(K. L)/ A-HOM(K L)
= HOM(K, L)/ A-HOMIK L)

We will prove the prop Shortly . Before that, we look at o couple o
examples.

Examples. m H=kG, a finite growp, A=3gea §. Reall that H is



semisimple (ff k is a projective module. This is eguivalent to requining
that Homumed (k. k)= 0. But A-HOMUK, k) = ek = IGHk. Thus kG is
Semisimple iff 1Gle K.
@ H=koda/od /\-JC= d-f = dof - (-—l)lﬁfod
3y H=kga/("" (chark=p>o0)
NF = fy = TE Fefed™.

Lemma. An H-module map K —s| foctors mmugh an injective H-module
ff there exists a factorization
K— L
Id@/\\ /
KeH
Proof. It suffices to show this when L is injective . Consider the following
mmutative - diogram 0
K——1L
el | Ihep| s,

K®H pord L ®H

sine L is injective, the injection Ih@A: L — L&H must split. Choose
o splifing g. Then @ factors as gorpeldie (1k®A). O

Lemma. An H-modue mop ¢:K—L foctors through Ihe®A: K — K&H
iff there is o k-lineor map Y st. Q=AY
ngf, i o=V for some WeHomk(K L), we wil extend Y fo
T: KeH —
\?Cb@h) = (h-l{J)(h )= hc:z\l-l’(s-‘(hﬂ)) R)
Then ¢ is H-linear : ¥x.heH, keK, we have
Pex-(kgh)) = Tt %ok ® Xah)



= (Xayh )(231’;(8_1((’&2)}’])(”) X R)
= X Neay ¢( S then S X %R )Y
= X2 h(zﬂ?(S_‘(hm) E(XmR)
= /X h(zﬂ’-ljfs-l(h(n)b)
= x(h-Tick)
= X Fckoh) N
Then, @ factors through  ©: K 28N poH Y|
(oneersely. given such o factorizaion of  H-mooldle maps

o: K L8, poH AN

Let 4 be the k-lineor composition map K =K@l «— K&H B0 Then
o=/NY. IJdeed. vReK,
(AR = /\(2)\‘{’,18-'(/\(1)\}2)

= /\(2) \J’(S-‘(/\(n)h® 1)

= 'q:(/\(z)' (S-I(/\(n)h® | ))

= \’F (A STAME ® @)

=T €/nRB )

=(RON) = QR). O

Relation o Category%aﬁm
Def let H be the groded Hoqf a@ebm kcoa/ Py, dego = | We call
H-gmod the cotegory of p-complexes, whie H-gmod the homotopy cotegory

of p-complexes.

Historically, the first consideration of p-complexes and their homotopy category
s due to Moyer (1942). In the definition of simplicial homology theory, the
Oiffererttiol d= i -n'di safisfies d*=o. Mayer noticed that, if we work over



Q ﬁeld Qf chorp>o, ond set 9:=3ici. Then =0, and there are
the comesponding notions of (Mayer) homology. However, Spanier Soon  found
out that Mayers homology can be recovered from the usual homology groups
(=0, and thus are less interesting.

Then, why do we care about p-complexes This is due to the ﬁ[{owmg
Simple - observation.

Lemma. ( Bernstein- Khovanov). If  H=kega/(P, degd) =1, then
KolH-gmod ) = 209,97
KolH-gmod) = 2r9.g71/(1+9+--+3%") := Op.

Indeed. Ko (3f the hometopy category IS generated by the symbol [K1,
subject to the only reltion
O=[HI=[kI+LkdyI++ Llkdp=t1 = O+ Q+-+QP") LIk,

In other words, H-gmed is a categorical interpretation of the rng of the pth

cyc(otomrc z‘nregers. )

H-gmod ———— Zr9.91/f1+-+9™)
® ® _— +, -
1N -
{1} —_ q

Here ., the homological shiff is defired as follows :  Me H-mod , then we have
the @nonical
Q,: WELLAN M®H {-deg/\}
“Then
Moia:= coker(Qu)



To utilize this categonicol G, we need to find interesting * algebros

in H-gmed . Then the Grothendlieck groups of  these a!gebms will be
Op-modules.  As o motiation, note that many interesting agebra. objects
in the usual homotopy category cgf choin  complexes  ( H=kcdara®) anse
os differentiol graded olgebras (DG algebras).

CDe;f. A p-DG dgebra A over a feld of chark=p>o is & graded
Olgebro. together with a. difffrential 8 s:t. ¥ a.beA.
dwab) = diwb + adceby
Py = 0.

More  generdlly. one has the notion of an H-module algebra, which in
fum gies nse to on alebra ohject in H-mod . We refer to the study
of homological properties of olgebra objects in H-med as " hopfolegical
algebro.. "

In anologg with the usual DG -abebras, we have

mod out @ muer*hng
nu (homo’copg

Much of my thesis is about developing Some necessary Tools in  establighing
the ﬁ(lowing result.

Thm. (Khovanou, () The homotopy and derived categories of & p-DG
algebra. are module- cotegories over  H-gmoed . Under taking Grothendlieck
groups (in some appropriate sense), Ko(DXA.d)) has the structure of
on  Op -module.



In other words , we have the jé({owmg disgram :
H-gnod x DUA.8) —2— DIA, 3)

-

@p X %(Aa)ﬂ”—’ Ko(A.9)

Question: Are there other symmetric - monoidal axtegones whose Grothendiech
rngs are isomorphic to nings of integens in number fields 7 Or Q/RI
C etc. ?



§2 A New gear‘s resolution 0
Previously, we have introduced categonfication of the qytotome: ring
Op , over which quantum topolegioal invariants live. The goal of this 1olk is
To discuss o relotively simple  example.

The zig-zag algebra

We stort with a very simple algebra. C:= kexa/ix™) = HYP' k). Equip

C with the denivation:  0r%) =", and extended 1o all of C by the Leibnits
nde.

Lemma. If charcki=p>0. then (C.3) is a p-D@ alpebm.

From now on, we ﬁx k to be of positive Choractenstic p. The p-DG abebra
C has some natural p-DG mooles. Since (AR is o G- Stable ideal, CliaRy
s naturally o p-DG quotient modue of C.

° °
° ° °
° °
O O 0 @) 0
C M M2 Mn=C

Form the  groded @ndomorph/sm olgebra.  (allowing maps of all degrees)
| An = Ende(@2, M)
We see that An has the foll owing quiver algebra. oescription:

M/‘?\)" \Mﬁ\M



where the arrouws pointing towards the right are gien by multplication by
%, whie the leffwards pointing arrows are the natural projection maps.

Lemma. . “The clgebra An hos the ﬁ//owz‘ng path algebra. presentattion :

Qubject fo relations
1 =0

@, The differential acts on An as Jollows .

a(ﬁ—g)==.~—>—©=©—>—e

- | - l

o (g—<2)=0
Proof. 0 1S esy. To see (2, we reall that. f A 18 an H-module
algebra, and M, N are A-modlles with o compatible H-action, then H acts
on HomaM.N) by

(th m := h(z)((P(S-}'hm)m ))

For H=1kra1/cdh), we then have (©-@im= d(Qrm) - Qrdm)). gf Qs
multiplication bg X, then

(B-X)m) = JrXm) - % dmy=xim=X'm,
while if = projection: Me — Mg, 99=0 since ¢ commutes with offféremtials
on Mr, Me-1. O



We will consider the p-DG algebra (An.9) and its odenived oaregory
Dihn.3) below.

Hopfological - properties
As in usual homological algebra.. Some p-DG modlules have  relatively nicer

hopfological - properdies.

D@f. Let A be a p-DG dgebm, and P be a p-DG module cver A.
. Pis a cofibrant modue if guen any M—N a surjective gis
of p-DG modules, the induced map of p- complexes
Homa(P,M) — Homa(P N)
s a homotopy equivalence.
@. P is a fiite cell module if P has a finite step filtration whose
Subquotients are isomorphic, up @ grading shiffs, to p-D@ direct
summands of A.
@. P is clled a compact object in the derived category D(A.9) if
Homaoxa 3y (P. =) commutes with Tabing arbirmry direct Sums.

An ensy induction shows that any finite cell module is c‘g%mm‘, and s
dso compact i the denived category.

Rmk: The reason why one wants to consider compact modules is that,
o define Grothendieck groups. one hos to (imit the Size of modules allowed
o avoid Trivial concellations .

Exomples: e consider some cofibrant and finite cell modules over (44.9).
0. A itself:



@ Cofibrant modues Pi = span < all paths that endt at i > Itis
a p-DG summond of An
@ (nsder M:= Pa®P: with the upper trianguiar differential

a o (aﬁu, ((lis]i+2)
ME=

0 aP,

Then Qa=0. and (M,Qu) is a two-step finite cell mocle.

Thm (Q- Sussan) The derived cateqory DiAn.9) qffords categorinl Temperty-
Lieb dlgeba TLn  and braid group Brn actions. These actions categorify the
Burau representation at a pth root of unity.

8[291“ Ch Q)C procf : A New Year's :Qeso(uﬁon
Without 8. the above cotegoriadl actions are given by derived tensor
product with Some  bimodules

Example. The Tempenley-Lieb algebm.  generators  are guen by
(Liedif) e, (7 )

To show this in the usual dened catgory of moddes oer An, we
need a. nice projective resolution of Li's .

1 - (i-1]i)
0 >[

i D P, = | 0

T~

—(ilt+1)

(i+i)

p|'+ [



In other words, in DiAn), we may replace Li by its projective resolution:
= (i-1]i)

P S P
_—

m (iH]i)
pl'ﬂ
qis

Li

But. in the presence of &, the maps i), (ilix) ore no longer
mops of  (Ar.0) -module maps.

Looking back at the cboe resolution. it con be understood oS a
filtered dg mocle over (An.d=o) . whose subguotients are projective.

(liH) /p”w
/ ~
P @ L b,
Q‘ﬂ

This motivates US o ook for p-DG moddes p(Li) st. it is cofibrant,
or even better, finte-cell , and it is quasi-isomorphic fo Li. Such a cofbrart
replacement plays the role of a " projective resolution.” Tt always exists for
any p-DG module, but not necessanly Small enough fo be Sinite cell



Lemma. If 0o—> A—B-X(C—0 /"sas.e.s.gpp-DG
modues. then, in chor p, the filtered module

60— A-*B—  — B—*(C—0
(p-1) terms
s aqyclic.
Dro{zf @ example. lf A. B, C are as beow,
o— e
(I
e —©O
o e .
then the middle p-1 extension gives us
0—?—> —_— > 0 —>0— 0
T o | d d Ta
o — —_— 9 — O

b b b,

— e —— e —0 .

The boxed terms are all acyclic. and thus so is the total p-complex. O

Now we tfweak the usual resolution by introducing an intemal dfferential
Pr‘—l

p,- (- il1+1) p,-

p|'+ [

| / - /

¥

S <



The two Pi's on both ends are finite-cell . The middle em is of type
@ in the Example above, and thus is also finite-cell.

The maps @ and Y are now mops that commute with ©. For instance
) - "
D » 0 ——> J)ili-1) - Jilitn
< a |
O™ Quli-y = Qtli+) — o) (li-1) + A= i+1)
=~ 00 (ili+) = Q(i[i+lil)y

a (i

Applying the lemma, we get a. resolution of Li by @ finite-cell modle

y pr" —_— ... = pf-' iy
IP(LI) : pl (Hlili+) e/(f-llilfﬂ) ,D,-
(e+l(1)
pl.‘“f Tt Q.‘H QIS
v
Li

This is our New Year’s Resolution” IPIL;) for the simple p-DG module
Li. Using these resolutions, and with the appropriate grading shifts, ore @n
Show that the functors
Ui =(Li® i) ®4(7)

Sotisfy the “Temperley-Lieb refations :

LI = Liioafit @ Licia4-)

Lily= Ll (= 0) if 1i-jl>

LiiLig Li= L



83 Cafegorﬁed Guartum o at Prime Roots of Unitgj o

‘ Uk)hg do we want to categorify Ugetk ?
@ Rashetikhin- Turmey - Witten

Ugesh) is the quantized geuge group (f 3d Chem-Simons theoyy.

® (rone- Frenkel -

Categorify 3d Chem-Simons o o 4d-TGFT.
Uatala) - quontized  2-gauge group 7

® Quantum 2l at rects of unity.
We are interested in the idempotented version of Ugetl. It is generated over Zig.9™1

typfctumsgctheﬁr‘m
)\+2$ A A2, A (AEF)
E
with thea!gebm Structure
12
LS Sy R L N 0=

Modulo relations (at a 2k-th root g“ unity . R odd )

—F—= = 4 . A

(A20)

+= = 0 = Nilpotency relation)
— ——
R-many k-mapy



o Cal‘egonfcaﬁbn of Uactdn
Below we present Louda's diagrammatic calculus for Ugetls) at a generic g-value .
The rouh iden. is that:

® Pctures  —  Isomorphism chass / ymbol o Some modules

® Sum of pictures = gymbol of direct sum gp modules

® Equlities of pictures = isomorphisms of moolues.
In generol, isomorphisms e rare between modules. Insteed , study homomorphisms - betiween
them. InTw'Tiueg, homomorphisms = evolution of pctwes , which is not recessarly
reversible .

® Maps just among E's (or Fs) ( Khovanou - Lauda.- Reuguier )

(Nil-Hecke algebra)

®*To caregom'culy Q\Dﬁrgfé{d-double” E's. Louda introduces cups ond caps

F = = F
A A
E F F E

Together with the nilHecke algebra. generators. cups and cops Sa‘hgﬁj certain relations

ti» Biadjointnass Eg @ = @




(i) Bubble postivity (d@rees Qf Om = @ (}}: @ must be 20 )

R=z(m+1-Ay 20 L=Lmu+\) 20

(. NilHecke relations

KA1 1 K-X

; E = o = :(: ;
i) Reduction to bubbles

o-afe O-zef

w). Identity decomposition

A A \ \(_,‘a A * ,f A § \ K),‘“
= - + Z = - + Z
{ \?f ié 0tbtC =A-) ﬁ\g OtbtC =A-1 /‘@

Thm. (Loudoy This graphical  calculus s non-degenerate  and categonifies Ugcth
at a genenc g-value.

Rmk: Lauda's caleulus is o 2-dim'l idempotented algebm, ie. it hag two compatible
multiplication Structures ¢ vertical and honizontal ) . Such  idempotented algebras are also

known as a 2-(‘&1?8078)



To see the plausibility of this categorsfication, we consider how EFfx an “evobe” into
FEN & 12

These elements  {ua} . {Ua 801‘:‘@@
UiVili = Wi

{ ViliVi = Ui

Ulbﬂ = 0 (l‘#'-J) ]

which  follows fr‘om the identity decomposation - relation . Consequenty {uili=0,-. A}

Jom an orthgonal set of idempotents in  Endgy( EF1,)
( Factonization 90 Idempotents )

'Enhanah\g U with a p-dgfferermal
As we have leamt ﬁom 81, f A is a p-DG dgebm, then the deried cateqory o
p-O&G modies over A is a module—caregory over the homotopy category of p-compleres .

keauieP-gmed x DIA.9) —— DIA.9)

F oL

Op  x KA d) —2— KiA.9)



Def Let (U.D) be Lauda's 2-dimensional olgebra. equipped with  the d{ﬁ'érenﬂal
0-action on generators given by

o(1)= 3 o(X)-1
oAe)- ¢ o X) -

a(/\:) = /.\}\/ - /)\\{D a(\/)‘) =0-M\g_/\

23X
IR N

2

(") =\ + e (¢ )a AN

Lemma. The above 3 preserves all relations of U, and it is p-nilpotent over a field
of characteristic p >o.

Thm. (Elias-Q.) The denved module category DU, 3) is Karoubian, and it mfegwﬁes
Ugtely at o p-th primitve root of unify.

Ko(CM, ) = UQ(’blz)

® Decomposition v.s. j?/ﬁ‘aﬁon.
In Loudos abelien  categonfication, the relations in Upre are usully reslized os
different ways of decomposing  projective U -modles.

In the realm of triangulated categones . dinect sum decompositions are very rare.

Instead . a short exact sequence of p-DG U-modules gives rise to a distinguished
triangle in D(9U.9).

0— A—B—(C—0 in  (U,3)-mod

A—B —C—A1 n DU.9) ==[RI=[A1+[C] € Ko(Q.0)



More genemlly, a fitered p-DG module (M.F") presents M as a conuolution
(Postnikoy tower) of grF"

Example  In the nilHecke algebma  NHz:

< 23

NH: = ng: : _1T '1T

=

= 0— Pl — NH: — Rt — 0 s a ses. of (U, ) -modlules.
= In KolQU.Q), E’=T[(NH:,d)]=0alP.1+ 9 [P.]=(g+9HE®

Prop. Let {wi,unlie I} be factorization of idempotents in o p-DG algebra R .
If there is a total ordering on I such that
Vi olUi) =0
{ UidUd=0 (modulo (ower order terms)
Then f €=Yiet Ui, then the p-DG module Re admits a filtratin F~ whose
subguotients are isomorphic  to Ruui's

Cor. (Fartustic ') In the Situation Qf the Pr‘op. [Rel = Zier [Ruiuil .

(or. Under the gifferentil defined earlier on Q. there is o filtation on €71



® Unigueness : a small surprise!
Louda’s ﬁcfom‘zaﬁon of idempotents , in geneml, /S not unigue .

However, in the presence of o dagrammetically local dfferential ~(not necessany the
djfferertial we defined here, but any O compatible with the locel relations of U,
we have, up fo conjugation by diagrammatic outomorphisms

® The dﬁenenﬂol we defned here is the unigue differentiol such that the modules
€1, (h=z0) odmit flirations whose subpuotients are somorphic to FEL, Ay -
i1} .

® Louda's factorization of idempotents is the unique choice that is compatible with the
differential, ( Fontastic  Filtration )

® Application: @Tegorfimmn cf Simple modules
As on application of  (U.8), we can also caregonify Simple Ueala) -moolles
Jollowing  ideos of  Khouanou- Lauda - Reuguier.

Ral that U is o 2-giml a@ebm " and fo construct ‘2-dim'l modules” over
such an olgebra, it's vatural o consider *2-dim! quotients” of  the free module
U bg ioeols.

Def. For each AeiN, let U be the left U projective meole U-Ax . and
et I* be the submodule generoted by Eln. Diggpammatially, I is spanred

by pictures of the j@nm o
U

U |




The qyClotomic quotient (otegory A gf Khouanou-Lauda ond Rouguier is
the U-module categary  UY 1*,

Thn ( Khouonou-Loudla., Rouguier ) Ko(U*) &= V*, the Ugtela-module of
highest weight A.

Since the ideal I* is obuiously O-smble, U inkerits a differential 3
from (U.9), and beromes a  modle- cotegory over (Y. ).

Cor (Elias-Q) _Dc Aefo,1,p-1y, (UAQ) categonfies the Simple Ugr4a)-
modde of highest weight A.



