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2. (ategorification of the small quantum  slc



$ 1 Stble Citegories and Categorification

In 994, Crone and Frenkel published their seminal paper ™ Four
dimensional topological quantum  field theory, Hopf categories. and
the canonical bases”. There they proposed o program called
* categoryfication”, hoping to (ift the combinatonial 3D TQFT
constructed by Kuperberg to a 4D TQFT

Donaldson-Fleer  «——F+—— | A 4D TOFT 1
2 Categorification
Kuperberg : a 3D TGFT
WRT- 3D TQFT bosed on Uil  (Q¥=1)
associated with DH) o~ any fn:‘Te dm!  balancad
Hoof algebra H.

Homolegical  Algebra.
For simplicity assume we are working over o graund freld k. “The
usugl homological algebra. has the following key  features.
). Chain complexes and their cohomology groups
K = bR S gy st o
H*(K") = Kerd /Imdl
@ . Direct sums ¢f chain Complexes
@. Tensor products of chain complexes
(K'®L) = @ue=i K81, dixey = dmwey+ ™ xedy)
Kok 2 koK =K
. Inner homs
HOM' (K'Y, HOMIK, Ly = K — L] ik e LR¥]
d(f) = duef - (—I)Uobrodk



with the property
HOM'(K'®L", MY = HOM (K", HOM'(L',M")
HHOM K L)) = Homeao (K, L)
(6), Triongular structures: homological grading shifts / the cone construction/
distinguished triongles  coming from s.e.s./ compatibility axioms et

Homological  algebra s an  important ool in cateqonfoation  since it gives
0. Systematic (it of operations in Z

Ko

Dtk > Z
K’ — S -1y dim; K'
® = addition
® > multipliaation
tensor unit = 1
[N -

multiplication by (.

Rk - Jf we take groded vector spaces , we get a caiegor‘ﬁmﬁon of
4r9,9°1

Ko (D (k-guect») & 209,91
The groging shift {1} becomes mutiplication by g.

Observation :  Properties (2, 3y, 4 are remiiscert of some familiar
constructions in - representation theory:  Taxe @ group G. H=kG

is a Hopf algebra and the category of H-mod has
2" VeWw € H-mod

3y VOW € H-mod h-wew)= have haw
) HOM(V, W) € H-mod  h-f (= hmf(S"(hnm , Night adjoint 0 ®.



The usual homological  algebra. con thus be regand as for the groded
Hopf super algebra  H = krdi/cd*)

(luestion:  Are there analogues of the other féatures displayed by the
usual - homologicol  algebra 7 For instance , what s cohomology ?

Any K’ decomposes “uniguely" into olrect sums ¢f
® (0 —=k—0o) @ &@(0 mk—k—0)
hom. dgg hom ckg j
Toking cohomology just kills the second factor. Note that the Second
Joctor consists of - projective  keola/eoy  modules.

Less obvious: (0—lk—k—0) is aso inective. In foct, keda/dh
is a Frobenus algebra.

Thm ( Rodiford - Lorson , Sweedler)  Any finite aiml Hopf csuper  alpebra
is Frobenius . In particular, the class of projective modules  coincide  with
the class of injective modules.

Whar's  the  systematic way Qf bz‘l(rhg projectives/ injectives

The stble category  H-mod
Intuitively, H-mod is the cateqonical quotient ¢f H-mod by the class
of projective/ injective objects.

O¢f. H-mod consists of the same objects a8 H-med . whie the
morphism §pace  befween two ogjects K, L are gien by
Hom t-med (K, L) := Homu-mod (K, L) (morphn‘sms that factor
through  projectives



The notion of Stoble Categories makes sense for any Frobenius algebm
rot nessanly those coming  6S \ﬁnffe dim! Hopf algebras.

Thm. (Happel) Jf H is a Frobenius algebm . then H-mod s triangulated.

In generol, the morphism space befween objects in an arbitrary Stable
cotegory s hard to compute. But for H-mod, the morphism spaces
@n be wmputed explicitly. To do this. we need the notion of integrals
Jor Hopf' algebras.

Def. let H be a Hof adgebra. An element AeH is called o left
imegral of H jf ¥ heH,
h/\ = ech A

Thm ( Ragford - Larson . Sweedler) Any finite diml H has a non-zero
integral - A\, wnigue Up fo o non-zero constant.

Dample. . kG A= Zgeag is a leff integral
o, lkedi/d® , d s a left integral
@. More generally AV via= v
4y koda/th (chark=p>0) O is a /@ﬁ mTegnal.

Prop. Let H be a finite dim'l Hopf olgebra . and K, L be H-moouies.
“Then

Homu-aod (K. L) = HoMh-mod (K, L) /A-HOM(K.L)
= HOM (K.L)"/ A-HOM (K, L)



Sompe. Note that H acts on HOMK,L) by hefd tRy:= hayfe 8Tthan k)

(2) /\ [JC) = Qf.i. (-”Oqfd | e
o A= PP = T P ITT

Relation to  categonfication
Def. H=ke31/t3"  degd=1. We aall the category  H-gmod the category
of p-complexes while H-gmod the homotopy cotegory of  p-complexes

The first consideration of p-complexes in  history was by Mayer /942,
In the def: of smplicial homology theory. d= X -Vdi where di are
Some  simplicial foce maps. Mayer proposed that. if we work over a
feld of char p>o , ond dgﬁne J:= X di, then =0 and there

are notions ¢f homology groups. But Spanier Soon showed that the
homology groups con be recovered from the usual homology groups, and
thus are not that interesting,

Then why oo we aare about p-complexes 7

This was becuse of an observation ¢f Bemstein - Khouanou
If H=kco/tgP, where degd) =1, then both H-gmod and H-gmod are
symmetnic monoidal.  Furthermore,
KolH- gmod) & 208,971
I(o(H-Qmo_d) = ZEQJ/(HQ-r---w‘QP-') = @p.
Indeed Ko is gererated by the symbol of [kl subject 0 the only

relation -
0= [HI=[kI + Cfit] + -+ Clkfp-1]
= (1 Q+-+QP[kI



o utlize this categonical cyclotomic integers” H-gmed , we need v find
interegting * algebra” objects in this cateqory. “Then the Grothendieck group
of this algebm object wil naturally be Cp-modules. Recall that an algebra
object in the category of chain complexes is given by a differential
Qraded  algeora.

Def. A DG algebre A oonsists of o graded olgeba A= @nez An
together with a differentiol d such that , v a.beA
deab) = da- b+ n*a- diby
diar=o0

Def A p-DG dgebra A over o fild of char p>o is a graded
agebra. together with o djfferential 0 such that v a,be A
d(ab) = dmb + add)
o) =0

More genenlly, one hos the notion ?f an H-module algebra , which
gues nse fo algebra objects in H-mod W refer 1o the study of
homological properties of - such algebra. objects i H-med as “hopfological
olgebra.”

In ardogy with the usual DG ase, one has the notion of the abelian
category of p-DG modules,  homotopic morphisms . quasi- isomorphisms ,
homotopy Categories and denved  categories

Thm. (Khowanov, Qi). The homotopy and denived  categories of  p-DG
algebros are module categones over H-gmod . Under toking Grothendlieck
groups (in some appropriate sense) , Ke(DIA.)) has the Structure of



on Op- modle.
H-gmed x DA.3) —— DIA, 3)

UK,, HK°

@p X /(01/18)1“'1* Ko(A.9)

Meto.- Question (Khouanov) : Are there other gymmetnic monoidal categories
whose Grothendlieck ring ore  isomorphic to other rings of  integers in
number  fields ?



§2 C&Iegorfcaﬁon (f Ug(2h2)
Crone and Frenkel's conjecture

In their 199% poper, Crane ond Frenkel conjectured that | if q is
a root of unity , there is a categorfication of Uil (conjecture 2,
Furthermore, one should use this cateqonification To (if Kuperberg's 3D
TQFT to a 4D TGFT.

Ustth hos the following integral form over On = Ztzwl (Lusztig)
U™ = ONLET/EN)
where it is equipped with the twisted bialgebra structure as  follows
A Y'— YO U E — E®I+IBE
m: we U — Ut . (8EN).(ESe1) = ZT ESE"
There is  more refined divided power Structure on ut given as follows
let EM = E'/tr1t, where 1= Z5, 287 Then

MST —(IMS)
cope _ [ LRTE™ if e < N
0 otherwise

We will describe an approach to prove this conjecture when N is a
prime  number p.

Review of the aategorification of  Uitth)
We briefly review how the categorification of Utk is done ar generic
wlues of @ , as done by Khouanou- Lauda.

By categorification of the algebra U we mean that to find @ monoidal
cotegory U™ whose Grothendieck group is naturally isomorphic to UE .
In particulor



u'l' KO N Ug.!_
£.& & — E.E. E“
The algebra. Structure on U also requires there 1S a. map
Ue U — U
s that €', £¢Ps® etc moke sense. The hord pat of the game
IS to pin down the morphism spaces in U, which we give the answer
of Khouanov- Lauda. now.

Consider the nilHecke adlgebra on n-strands NHn which has the following
diogrammatic  description. It is generate by:

1 2 ! n 1 i f# N

subject to the local relations

XA

More inmrinsically, there is an inclusion of nings Synn:= Kix,-.x1>" €
Poln := ki -%3. The rank one free Poln - module Pn is free of  rank
n! over Symn. NHn is the endomorphism ring of P over Symn.

NHn = Endgym(Ps)
where dots act by multiplication by %, and crossings act by divided
difference operators. From this one can see thar

NHn = Matcn!, Symn)
and it follows that Ko(NHn) = 209,971,



Example. (hen n=2,

The diagrammatic presentation gives nise to on indusion of algebras

(nm: NHn ® NHm — NHnm
by putting pictures - Sideways next o each other. Summing over all n,m

we get

NHa =

(:NH® NH — NH
where NH:= @nenNHn. The mop ¢ induces induction and restriction
functors  between modlule categores,

Thm. (Khouarov-Lauda)  NH  categorifies Usea.aa (4h)

NH Ko ’L{*cdz)
NHn — E"
Pn — EM

Ind/Res F— multiplicetion/ comuttiplication

p-OG Structure on NHn

Fix o field k of charp>o. We want to buld o monoidal p-DG category
whose Grothendieck group is isomorphic to the small quantum group 4.
The best one can hope is that NH camies a p-D@& Structure So that
the theorem of KL “Specilizes” to roots ¢f unity directly. This is
indeed the case.

Recall that from before a p-DG dgebro. (A,8) i8 a graded algebra
equipped  with an endomorphism ¢f degree one such that Y a.beA



a(ab) = 0)-b + a deh)
ooy =0
A p-DG modue M is an A-module with o compatible 9-action . As
with the usual DG algebras , one aon pass from

(A,3)-mod —— C(A.3) —— DA, 9)

! the homotopy the derived
A# kra1/(h)-mod coregory category

Mony properties of the usual DG algebm holds in this context.

Example. NHy=kixa. [NHI=E . If we set =%, then k < NH, is
o Quasi-isomorphism = Ko(NH..d) = ©p. This is an application of the
Jollowing theorem.

Thm (@ If A—B is a quasi-isomorphism of p-D&G algebras, then
there is a denived equivalence D(A.9) =D(B.d).

To go further. we have to utiize the polynomial module Pn of Peln.

If we let Poln=kx.--.xn1 be the p-DG agebra with i) =i, then

the rank one free Pn- module has many p-DG module Structures : pick

I homageneous of degree 1 in Poln. define a 8=35 -action on Pn by
drch-n == oty + fh

Then aﬁso ff fe XX (Symn.9) € (Poln. ) naturally as o subalgebm

Snce the d-action on Foln  commutes with permutations. Thus
NHn(f) = Endgymn (pn(fJ)

inhents a differential G -



af(?h + , af(><+)=a,-f )—(a.-+|)><+(a.'-l>><,

L [ I+ { i+l [ I+
where  f=oix,++oaXn, Qi=olm-oli . We want df to be local, so
ossume oll qi=o. and we Study the p-DG algebra NHn with the

induced differential -

8a(+]=+2 , 8a(><)=a( }“(0+l)><+(0~—l)><_

Thm. (Khowanou- Qi) When a= %1,
(NH , 9+1) ’MEP(‘IL)
(NHn,01) +—— E" }
(Pn,0u) +—— EMm

Denived induction e e
restriction — multiplication/ comultiplication

Ko

Caregorg@mg E’=r21E®

Under 01 , we have

a(X)=-X - X

from which we compute the differential on the matrix algebra: Matc2, Syma)

is gluen by
K-
- 1 -]

X4 =K

Therefore the leff regular representation  (NHa. ) fits info a se.s.

of p-DG modules
0 — :Dz‘m — NH, — pz{'l}—"o



which results N a dl‘sﬁngw&hed triangle in - D(NHa, 91)
Piy — NH, — Pt — Bufirna
= In K, [NH:1=2Z[R]+Z'[P.I.

Ca‘regory@fng EP=o0

(Ve ilustrate this with two examples.

Examples (b, p=2. 9|(><)=><‘><=) ) = (NH2.9) I8

agyclic os o DG algebra = DINH2.9.) 20 = Ko(NHz2. 31) = 0.
= E'=0o

(). p=3 8|°(>§<5= ) ] ‘ = (NHs, 9) 8 aqclic as a 3-0G
olgebra = D(NHs.0) =0 = KoNHs.0)=0 = E®=o0,

Lemma. (NHn. 8i)n2p are all aqglic when chork=p.

The relaton EF=0 is caegonified by this lemma and the follwing genema!
charoctenization ¢f ocyclic p-DG algebras .

Prop. TFAE.
i, A is agyclic @M. DIA.9) =0
@i, Ixe A st. FX) =1 . 3ye A st Ay =

QOutline Qf fzﬂ“une WOrkS

The Khovanov- Lauda- Rouquier algebra R(T')  associoted with any Cortan
datum I" is a natural generalization of NH to categonfy the Quantum
growp UgcYr) associated with I'.



Thm. (Khouanou- Lauda) Ko (R(IM) = Qg (gr)
Now jf I” is simply-laced.

Thm/Def. . RI) odmits o mutti-parameter fomly of p-nilpotent
derivations

@, The quantum Gerre relations hold on the Grothendieck group
level iff 9 is guen by either

s(t)= ¢, al(X)=8l

L)) ><

[ L)

2.0t = ¢, 3. X0=-8yl [-apX

i ! o

Here (,) denotes the (ortan pairing - associated with I,

Cbnjectune: When I'=AD.E, (RI[).0) categorifies an integral form
of the comesponading small quantum group.

Many algebraic Structures arising from  higher representation theory naturelly
afford p- denivations. Careful choices of parameters allow one to cotegorify
the comesponding structures at prime roots of wnity.  Such examples
include :

m. Loudn's  category U
2. The thick category U
3). Webster's algebras ete.



Meto. question: hat's the geometnic interpretation ?

Algebraic Geometry

Geometric Reprsentation

Theory

LBonc:lal- Uan den BegL

Orlov, Keller, Rouguier -

The world gf NC Geometry

DG (Aw -Geomehy

Hopfdlogical

What's the connection to Bezrukaunikou - Mirkouie - Kuminin's
work on localization in char p ?



