On the center of small quantum groups

* Rosed on J'oim“ work with A. Lachowska



* The small quarntum group
The small quantum group Uy at @ oot of unity %=1 is the Hopf
agebm dgqned bg Lusetiq os the Frobenius kemel
0 — U@ — Ua(0)) = UG ®Z2a1 — 0
My { " pim

0 otherwise

The cenfer of U@ is a very interesting obect fo me since they are
used fo parometrize 3D TQFTs that behave (ike [\itten-Keshetibhin- Tarey
theories.

Surpnisingly, up urtil 1his year, not much about the cenfer 2y(8) is known
beyond the case of 2k, Bur the following beautifl theorem of Andersen-
Jantzen - Sberge( emphasizes that Za®) IS a (unonical commutative a@ebm
afached to any Lie algebra gy

Thm ( Andemen—JanTzen—Soe@e{) "The algebra sfructure of Ztgy is  indeperdent
of the order g. The same algebra, base charged o an algebraically closed
field k of char p>o, is isomorphic to the center of the resticted universal
enveloping algebra over k.

This ok will aim at reporting Some recent progress beyond the 1b aase
We will mostly focus on the example of 4ls.

* (eometric inferpretation
Reall the cotebrated wonk Qf Beilinson- Berstein . Let g be a complex
semismple Lie algebra., and G the corresponding cadjoint fupe) algeonaic group.
Dencte by CotB)):= the principal block of  the BGG aaegory O Jor 6 . ond



X:=G/R the ﬂag vanety. Ni= T the Qan‘nger‘ wanety,

:Db(@o(@)) o~ Dg ( Qass-med) - 2, \Db(Cohm)

C/ C CL_@] l EXTI’\JA'(.(OX,—)
N =

o = HX.Q) = Exty (Ox. 0 -mod

Soergel showed that G 18 the center of o).

This story hos been pushed furthen by Arkhipoy - Beznukaunikou- Ginzbu@
for the by quantum group et at o root of unity:

Thm.  Arkhipoy - Bezrukouniboy- Ginzburg) There is an equivalence ¢f
frignquiated - categories

F: Db( Coh@xc,/\j) — Db( B(o(Ug(g))) (mixed verSion)
where G acts on N=TX by the natuml Symplectomorphisms, while
C* restoles the fibers of TX—>X by the character 2 — 27

This thm "geometrizes” the quantum Frobenius map, since Rep(@) (= Ugy-mod)
acts on both Sides and infertwines F. As a consequence, we have , by
Jorgetting  the G-eguivariance -
Thm(Bezrubaunikou - Lachowska)  There is an equivalence of timgulated
categonies

R D Ooha(R)) ) Us-mod)  (mixed version)
(or. (Bezrubaunibov- Lachowska) 236) & HHg, (N = Birjrkso HIN, ATR)?

Cur goal is 10 use HHex(N) 1o help us compute Z 0.



®The first obseruations
From now on, we will use the se of wpls) to illustrate the genem( theory .
In ths cose, dmX=3, gimN=6. (e the Hochschil cohomology groups
info the ﬁ(lowiry toble

HPTR)®

HATR® | HRTNY

~ _ lr 3T \—4 Or N4 "4
HeTRy | HIATNY™ | HIATRD

HRTRYE | HAOAYTND™ | HUASTRIY® | HoAS TR

G’_’EﬁJ

Cor. The left-most column and botfom row are isomorphic 7o Ciu= s

08 graded vector spaces.

This is frue essentially for degme reosns : TN fis ino o ses

0— T x — TN — ™TX —0, (%)
tangents in Tangents in
fiber direction horizontal direction
(deg -2) ( ofeg 0)

Thus | ]%r instance,
{H'{/\‘TN)* = HimeTNY = H(X . Qx) 2 A
HIBT 2 H (ST = HiX, QoA =HX Q202 h.

Rrik: For ugals) . this  subspace is the entire centter by the work of Kerler



We next seek to enlarge this subspace (actualy Subaljebn).

Lemma. If G is simple . then HUIATNY is J-dim( and Spanned by the Poisson
bivector field z  (dual to the symplectic form w on N)

Recall that < aan loally be writkn as 2= Z~Aax, with {%§ the local
coordinate gystem on X, and {yiy the fb@r coordinates. By the choice of
Th@@? aCTIOI) eadlef‘ d@ag—.z d%ax—- .

Thm (Lochawsko- Q) There is an 2h«@)-action on HHU(N) induced from
the action on  Sheaues

- s ATN — /\"ZTN

wit-): ATN — NN

From the 2lx action, we immediately conclude that the left-most column and
¢ generates a big lorger subalgebra.

T
2h\ AZ
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\ \
Dl e

N NN LN
PR SR
1 2 2 1

Question | Does this subalgebm agree with Zicdy ?




Thm ( Lachowska- Q) The degree - 0 Hochschild cohomology r‘ing HHUNY hag
the J%[{Ob\)lhg bigraded character toble

1

2 1

2 2+ =3 1

1 2 2 1

We'll sketch o proof of this result, or rather, how we computed  these
dimension numbers i time permits. But we first moke some observations.

* A conjecture
Homan's  diagenal - coinuaniont algebra is the commutative alggbra (= Begny)
_ CEﬁXﬁJ _ C[xh"';xn,gn"'.gnj

DCn:— @[@xgjﬁ’ - C[XI'...’MIQII...,gnﬁ
where ony 7€ Sn acts diagonally by Oxi=om, TYi=Yowr , (=1, If

we put d@(inFU,o;, degrg;)ﬂo,n), then OCh s b@mded. It ﬁ/’tﬁeﬁ
aries a natural (Sh, k) - action.

Ey. The bigraded dim toble for DC: and DCs -

1
mzi

1 1




2 1
DG
2 3 1
1 2 2 1

(onjecture (Lachowska- Q) . Let F=aln(€). There is a natusl Sn acton
on 2otaln) =HHN) which commutes with the 2k action. Furthermore , as
Sh -modules,

+

HIR L ATRY = (DG @ sgn 255

(e have checked the conjecture up o ks, and the boundary spoces for
any n(C).

* Singular block analogue
The progf of Bearukaunikou- Lachowska an dlso be ensily generalized
to sigdar blocks of ). Rughly spevking, if Aef* is o singular
weight , Wp & W is the Stiblizer Subgroup, PS@G the comesponding parabolic.
then
2Z)0) = HHRp) = B N, NTRpY
whee Np=TUGIP) with o. similr GxCx -action.

. For 2ls. the only nontrivial singuler blocks correspond o 82 €8s, so
that G/P = IP*. In this ase, we have



HH(TP) - | 1

The unique Steinbery block comesponding o Ss € S, hos 1~din'l center,
Thus we  houe

(or. g1 and £odd. Then
dim 23@13)= I+ (4-1)-6+ @%M‘z)lé

At 0=5, (or=> dim=1+24+32=5F . Arund 2008, Steve Jnckson wrote a
computer algorithm (Dnﬁrmfry the comectness of this number. He is olso
developing  his own approach findfng the Hochschild  cohomology  growps ¢of A,
which he aalls “local Cech complexes.”

* Sketth of proof
If we wont to compute coherent cohomology on N, 4 Lery useful tool
to use is the Borel-Weil-Bott theorem. It requires us to have a good

understonding of  TA*TN) on X as G-eqianant sheaues, where
T N=TX— X=G/B is the natural G-equivaniant projection map.

We look at the sequence o earlier, which can be identified with
0 —> TGN ) — TN — ™Gxgu) — 0
where M=Ch.61 is the nilpotent radical of b=Lie(B), and u=n"
On X. we also hawe the naturd
00— G"BE —_— GXB\Cj ’EﬁxX—ﬁGxBu —0,



which pulls back to N to be :
0 — TGeb — T1Gs = N — T Geu) — 0 (x%)

Notice that exx) extends fo a map of s.e.s of vector bundles
0 — W*(GXBE) — @XN — T stu) — 0
J/acTion H (%X%X)

|

1

1
v

0 — TGN )— TN — ™@xsu) — 0

Since T is G— ool this G- equ:uamam‘

GXN N ﬁxl\] N TN xm —— T*TX
w | o= pr= " |
GxX — X Grx 2, X T ——s T

Notice that § acfs on the fiber 1 by the adjoint action:
. b — Endimy =usn
x — adx= TYi

Fushing cxxn oo X we get

0 — Gxa(SWdH)) - Gra(Swe §) — Gxa/Sieu) — 0
weoos |
0 — Gxa(SeN) ——Mx(TN) —— Gxa(Stweu) — 0

The # must be a Cartesian square. and thus

Thm (Lachowsha-Q.) The bundle TN has the eguivariont Structure Gixs \/
whee V is the B#S(u)-module
_ SwegeSusn
V= A(Swe B)
Here A g the composition map
Swefs {09 St 8% @ Seuen —— Seg & S™wien




