r Cﬁfegorﬁed Ghartum o at Prime Roots Qf Unhy

° Uk)hg do we want to categonfy Vgeeh ?
® Rashetikhin- Turev - Witten
Ugetha) is the quantized gouge group of 3d Chem-Simons theory.

® Crone- Frenkel :
Caz‘egorg@ 3d Chem-Simons to a 4d-TQFT.
Uatal) : quantized  2-gauge group ?

® Quantum 2l at rocts of unity.
We are interested in the idempotented version of ugctl. It is generated over Zig.9

by pictures g“ thef:rm
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° Cafegonfcaﬁon of Uatth
Below we present Lauda's diggrammatic calaulus for Ugcls) at o genenic g-uale .
The roogh ideq. is that:

® Pctwes  ~  Isomorphism chass / ymbol of Some madules

® Sum of pictures = gymbol of direct sum of  modules

® Equaities of pictures = isomorphisms of  moolules.
In generol, isomorphisms are rore between modules. Insteed . Study homomorphisms  between
them.  Infuifiiely homomorphisms = evolution of pictures , which is not necessanly
revensible -

® Mops just anmong Ews (or Figy (Khovanou- Louda - Rouquier )

(Nil-Hecke adlgebra)

*To cou“egormly Drinfld-double E's . Louda infroduces cups and caps

e
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Together with the nilHecke algebra generators. cups and cops saﬂg@ certain relations

ir Biadjointnass Eg @ = @

(i Bubble postivity (degrees of Gm = () (}}: €¢) must be 20 )

R=z(mn-Ay 20 L=2(m++X) 20



i, NilHeche relations
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i) Reduction to bubbles
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w). Jdentity  decomposition

A A Aua A A ,\\)}a

Thm. (Louda) “This grophical caleulus is non-cdegenenate  and categorifies Ugcth
at a genenc g-value.

Rk Louda's caleulus is a 2-dim! idempotented algebra, ie. it has two compatible
multiplication Structures ¢ vertical and honzontal ) . Such  idempotented olgebras are also

known as @ Q-m'regorg)

To see the plousibility of this categonification, we consider haw EFfx can “evolue” into
FED @ 12



These elements  {uat . fun} Gm‘@@

UiVilli = Ui
{ Vilivi = Ui
v;t,ﬁ =0 (z‘:kJ) )

which ﬁ{lows fmm the identhz,j decomposation  relation . Gmsequenty {uvi li=o, -, A}

Jorm an orthogonal set of  idempotents in  Endg( EF1,)
( Factonization 90 idlempotents )

'Enhana’r\;ﬁ U with a p-dﬁ"enenﬁal
As we have heard from Mikhail's talk, if A is a p-DG agebra, then the denved category
o p-DG moddes over A is 0 module-category ower the homotopy category of  p-compleces .

krau/h-gmod x DIA.3) —— DiA.9)

F oL

Op X Ke(A,9) —2— Kelh.3)



@ef let (U.0) be Lauda's 2-dimensional algebra equipped with the differential
0-action on generators given by

()= 3 (X))~

Lemma. The above O preserves all relations of U, and it is p-nilpotent over a feld
gf characteristic p >0.

Thm. (Elias- Q.) The derived module category U, 3) is Karoubian, and it mfegorﬁes
Uyl at o p-th primitive root of unity.

KO(CZI{, a) g UQ(’JZ)

- Decomposzﬁon U.S. ﬁ/fmﬁon.
In Louda's abelian  categorification, the relations in Utk are uswlly realized as
different ways of decomposing  projective 94 - modules.

In the redm of tianqulated categonies . direct sum decompositions are ey rare.

Instead . a short exact cquence of p-DG U-modules gives rise to a distinguished
trongle in O(U.9).

0— A—B—(C—0 in  (U.3)-mod

A—B —C—A1 n DU.9) =[RI=[A1+[C] € Ko(Q.d)



More genemlly, a fltered p-DG module (M.F") presents M as a conuolution
(Postnikov tower) of  grF"

Exavple  In the nilHecke algebma  NHa:

<=

NH: = ng: ' _1/? '5T
A}

= 0— Pit — NH: — Pt — 0 s a ses. of (U, ) -modlules.
= In KolQU.0), E*=[INH2,3)]=Q[P:1+ g [P.]=(4+9HE®

pmp. let {wiunlie I} be factorization of idempotents in o p-DG olgebra. R .
If there is a torl ordening on I Such that
Vi dlui) =0
{ UidtUid=0o tmodulo (ower order terms)
Then (f e=ixuvi, then the p-DG module Re admits a fitration F° whose
subguotients are isomorphic  to Ruui's

Cor. (Fortustic ') In the Situation j the Prop. [Rel= Zier [Ruwuil.

Cor. Under the qifferential dqfned earlier on U. there is a filtation on EFL



® Unigueness : o amall surprise!
Louda's ﬁc(on'zaﬁon of idempotents , in \geneml, /S ot unigue .

However, in the prasence g” o digrommanally local differential (ot necessarily the
dfferertial we defined here, but any O compatible with the locel relations of U,
we have, up fo conjugation by diagrammatic automorphisms

® The djfferertiol we defined here is the unique differentiol such that the modules
EFL, (h=zo0) odmit flirations whose subguotients are somorphic o FEL, La{i-Ay -
Aaf-% .

® Louda's factorization of idempotents is the unique choice that is compatible with the
differentiol. ( Fantastic  Filtration )




