™ C&Tegorﬁcamn of small sla

In 994, Crane and Frenkel published their seminal paper * Four
dimensional topological quantum  field theory, Hopf categories. and
the canonical bases”. There they proposed o program called
* categorfication”, hoping to ([ft the combinatonal 3D TOFT
constructed by Kuperberg o a 4D TOFT
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g Categori cation

Kuperberg : a 3D TQFT

based on Uity  (QN=1) WRT- 3D TQFT
N~

o~ any finite dm! balanced associated with D(H)

Hoof algebro. H.

Homolegical  Algebra.
For simplicity assume we are working over o graund freld k. “The
usual homological algebra. has the following key  features.
©. Chain complexes and their cohomology groups
K=o S Gpid g8y gt giap
H'(K") = Kerd / Imdl
(. Direct sums ¢f chain Complexes
@. Tensor products of chain complexes
(KOL) = @uesi K*oLY, dixey) = dmey+ - xedy)
Kok = koK =K
3. Inner homs HOM'(K' L)
HOMi(K, Ly s= {f ke — L] ik e LR}
d(_'JC) = det - (—-I)Uobcodk



with the property
HOM(K'®L", M) = HOM'(K", HOM(L", M")
HOHOMTK L)) = Homew (K", L)
@), Triongular structures: homological grading shifts / the cone construction/
distinguished triangles  coming  from s.e.s./ compatibility axioms et

Homological clgebra. is an  important  tool in Categoryfcaﬁon Since it gives
0 Systematic [ift of operations in Z :

b % N
O (k-vec) G |
K — S dim; K
e ® — +, X
tensor unit > 1
[ - multiplication bﬂ ().

Rrk: I we tuke groded vector spaces , we get a categorfiation of
409,971 ¢
Ko (D k-guec)) = 219,91

The groging shift {1} becomes mutiplication by g.

Observation : Properties (0, 3. 4 are remhiscent of some familar
constructions i representation theory: Toke a group G. H=kG
is a Hopf algebra and the category of H-mod has

(1 VeW € H-mod

2y  V®W € H-mod h-(vew)= have® haw

@) HOM(V, W e H-mod  N-f (vii= haftSthay |, right adjoint o ®.
The usual homological  algebra. con thus be regand as for the graded
Hopf' super algebra  H = krdi/cd*)



(luestion:  Are there analogues ¢f the other féatures disployed by the
usual  homalogicol  algebra 7 For instance , what s cohomology ?

Any K’ decomposes “uniguely" into olrect sums ¢f
@ (0 —k—o) @ @(c =k —k—0)
hom. dgg i hom okg j
Toking cohomology just kills the second factor. Note that the Second
Jactor consists gf projective ked1/ed®)  modules.

Less obuious: (0—k—k—0) s dso ijective. In foct . kedi/eh
is a Frobenus algebra (= H%S' k) .

Thm ( Rodiford - Lorson , Sweedler)  Any finite aiml Hopf csuper  alpebra
is  Frobenius . In particular, the class of projective modules  coincide  with

the class of injective modules.
Whar's  the  systematic way Qf bz‘l(rhg projectives/ injectives

The stble category  H-mod
Intuitively, H-mod is the cateqonical quotient ¢f H-mod by the class
of projective/ injective abjects.

O¢f. H-mod consists of the same objects a8 H-med . whie the
morphism §pace befween two ogjects K, L are gen by
Hom t-med (K, L) := Homu-mod (K, L) (morphn‘sms that factor
through  projectives
The notion of Stoble Categories makes sense for any Frobenus algebm
rot necessonily those coming a8 finte diml Hopf algebras.



Thm. (Heller) If H is a Frobenius agebra . then H-med s triangulated.

In generol, the morphism space befween objects in an arbitrary Stable
cotegory s hard to compute. But for H-mod, the morphism spaces
@n be wmputed explicitly. To do this. we need the notion gf integrals
of Hopf' algebras.

Def. let H be a Hof adgebra. An element AeH is called o left
imegrel of H if VheH,
hi\ = e/ .

Thm ( Rogford - Larson . Sweedler) Any finite diml H has a non-zero
integral - A, unigue Up fo a non-zero constant.

Bxample. 0. kG A=Zgeag is a lef integral
. lkodi/idd , A=d is a lgﬂ integral,
@. iy . A= (Z5NKHAY s a loff inegral
4y kraa/tP (chark=p>0) , A=0"" is a /@’f /‘nTegml.

Prop. Let H be a fihite diml Hopf olgebra ., and K, L be H-modules
“Then

Homu-mod (K. L) = HoMu-mod (K, L) /A\-HOM(K.L)
= HOM (K.L)"/ A-HOM (K, L)

Dample. Note that H acts on HOM(K, L) by hfy (R):= hayft 8Thu k)
@ A = df+ -n¥fd
@. f homogeneous of K-degree I-N, A(f)= 5 dN—l—i][‘ J
w. At = > o7 f o



Relation to  Categornification
Def. H=kra1/1d" degd=1. We ll the category H-gmod the category
of p-complexes while H-gmod the homotopy category of p-complexes.

Why Ob we e about p-complexes 7

This was an observation ¢f Bernstein- Khouanov - If H=Ik£d3/(aP), where
degdy =1, then both H-gmod and H-gmod are gymmetric monoidal.
Furthermore,

KO(H-Qmod)S 200,971

KolH-gmad) = Z0q3/(1+9+-+ 8" = Op.

o utlize this categoniaal cyclotomic integers” H-gmed , we need t find
interesting * algebra" objects in this category. Then the Grothendieck group
of this olgebm object wil naturally be @p-moclules. Recall that an aigebra
object in the category of chain complexes is given by a djfferential graded
algebro. . This motivates the ﬁl/owmg.

Def A p-DG agebra A over o feld of char p>o is a graded
algebra. together with a. degree-one  endomorphism 0 st. ¥ a.be A.
d(ab) = b + a dwb)

ofta) = o

More - generally. one has the notion 9[ an H-module algebra , which
gues nise to algebra objects in H-mod e refer o the study of
homological properties of  such dlgebra. objects in H-med and their
module categones as “hopfological dlgebra.”



In andogy with the usual DG ase, one has , for a p-DG agebra
(A,0)-mod — GIA.9) — D(A.0J)

Thm. (Khowanov, Qi). The homotopy and denived. categories of  p-DG
algebros are module categores over H-gmod . Under taking Grothendieck
groups  (in some appropriare sense) , Ke(DIA.3)) has the structwe of
on Op - module.

H-gmod x DIA.8) —— DA, 9)

U,«, HKO

@p x Ko(A.0) = Ko(A.9)

CaTegonj‘?‘caﬂbn of small sl
The small quantum group Ugtsls), where G=Zu is a pnmitive N-th root of
unity , 1s d@qned by Lusztiy os the twisted bialgebma ONLEI/EN) , equippad
with:

A YT — Y@ UT - E — E®I+IBE

m: weu — U : E'@ES —» E™
Here twisted means that U@u* has the product Structure :

(EM@ES). (EPQES) =ZN'P’E"'*P‘® =

We briefly review how the categorification of Utk is done ar generic
wlues of g , as done by Khouanou- Lauda.

By categorification of the algebra Uz we mean that to find o monoidd
cotegory UT - whose Grrothendieck group  is naturaly isomorphic to Ug .
In particulor



+ Ko

U — Ug
£ ’gil E(” —_ E, Eu', Eci)
The hord part of the story is to pin down the morphism spaces between
the objects. e give the answer cdue to Khouanou- Lauda.

The nilHecke algebra on n-strands  NHn:= Endgym(Pn), which has
the following Coeter presentation. It's generated by %, . xn. &.~.Sm,
subject o relations that the Xi's commute and

XiSi - Si%itt = | = SiXi = Xir O

&'Xj=9§&', &'SJ':&J&' Jf [k

8.'2=o, 8i8|’+;8i=8r+|8i&'+1 .
By d@qnm‘on NHn = Matn!, Symn) S0 that Ko(NHn)% 209.971 There is
an inclusion of  algebras

{nim: NHn ® NHm “— NHn-rm
which gives nise fo induction and restriction functors on module caregories.

Thm. (Khovanov- Lauda)
Bnso NHn-mod —— Ui )
Pa — EM
NHn —  E"=maE™
Ind/Res  ——  multplication/ comultiplication

To utilize this beautiful 2-quantum group in our curent work , the
most naive guess might be fo put a p-DG Structure on NH and
Study the assocated p-DG categories. The miracle is that this naive
guess  works !

:Deﬁne on NHn the following olifferertial



Uiy := ’)(.'2 (=l,---,n)
8(8”:—%8; —8:'9(:‘1-) (i=1,---,n-1)
It's eay to check that 8P=o.

Thm. (Khouanov- Qi) .
@D n D(NHn. o) — Uzp(ﬂz)
(pn a) — Ecn)
(NHh.8) +— E"=myE™

denived induction/ ——  multiplication/
restriction comultiplication

Examples .
(). n=0, (NHo.3)=(k.,d), so that D(NHO.S)’:-EH'QM. Therefore
Ko (NHo, Do) & @p , 08 Q QU@J%M Bernstein.

2. N=i, NH, =koxa, dx=x> So that NH decomposes

(kx1,d) =~ (' o502 .0 o—3,0—50 )

1 x 2. 'XP 0 ad! xP13 . ,sz

Therefore the inclusion gp the ground field k< NH/ is a gis , which
induces an equivalence of derived denived categonies
= Ko(NH,, 3) £ Ko(lk,d) = (Op.

Thm. (Q). {f ASB s a map of p-DG dgebras , then

@, ¢*: D(B,0) — D(A.I)
are equivalences Qf friangulated  Categories that are Quasi-inverses of
eoch other.

@. n=p. (NHp.d) is agqyclic . The above thm => 0 < NHp is Q
quasi- isomorphism => D(NHp.d) =0 = EP=[(NH;.9)] = 0.



