812. C\aregomﬁcal‘mn Qf the Heisenberg A@ebm
Biodjoint functors from finite groups
Let k bea fleld . G a finite group, and H a Subgroup of G. We
have inclusion of group algebros  ktHIS kIG1, and thus adjoint
Junctors:

Tnd - Resé - Goindd
Moreouer, under the finiteness assumption (this @an be weokened
to [G:Hl<w), kIHIE KLGI is a Frobenius extension, So that
Ind§ = Coindd, and Indf is biagjoint to Res e wil use the
nototion HGe = ko kG, GrG=kIGI@uikiGl ete.

Bindjointness allows us to opply String notation  introduced in 8%
We wil cerote  Tndlfi / Res§ resp by

Indi - =+ Resé: 25

The biadjointness of  them, are then giuen by oriented cups and

oops:
[\ [eY

which are given explicitly by mops of  bimodules:



H\ G }
+ - GHG a®b
H
/G\\H fo.  Pue= {a aer
_ N HGH 0 a&H
* - GG 20'eg;
WG ! t where G=LiEHg, and {git is a
G | set gf representatives in - H\G.
- * HGh Q
G | H | 1
H a

The third map is well- definea since nf {0} is another set Qf
representative, then gi'=higi for Some hieH, so that

Y gi'egi = g h'®higi = i §'®g;.

urthermore, it is @ (G.G) - bimodule map because Yge@. gig

hea Qe where @ 1S @ permutation Of {g.-gnt ond hem€H.
Thus ] A
(21'=|9i~l®8i)9 = 2= QE—'@h(PLhQ(P(i)

= Yis g;'h@m ® Jouiy
= X Qgcp_zlb ® Jey
= g(Z2g7®g).



The generdl theory in §% gues us:

Thm. IndS. Resé are acyclic biodjoint funcror‘s under these
maps. O

These maps giues us the relations:
@H=H @G=EG:H]G

Now assume that HEKEG are two Subgroups. e Oepict by
on onentend tnivalent vertex the natural ﬂmsﬁrmaﬂ‘on;

K
Ind§ = Ind€ Indlf y: , Ind€ Ind = Ind GY/JK\\H

Simiorly, for Rest Res§ = Rest,

HYG KN

Then we hove:




Next, we will gue o graphical  interpretation cf Macbeg's ﬁ)rmula.
Let KEG2H be finte subgroups of G, we can decompose G into
(K, H)-double cosets G = LlietKgiH, so that we haue decomposition
Qf (kCK1, KCHIY - bimodules :

«KIG1H = Bier kK kIKGHIN |
Each k[KgHI hos a Simple description @S @ (kLK1, kIH1)-bimodlle:

KIK1® k[H] — Kk[KgH]
R® h —  Rgih

ond Rgih =Rgih <= R'R'=gihh™g" e KNgiHgi' & Li, so that we have
an isomorphism of  bimodules:
kK Itz k[H] = kCKgiH1
where Li acts on K by right muttiplication, and on H by o gi-twist"
4-h= (Qilfgf)h
Then Mackey's jérmula follows:

Resé e Inds = kK k[GIn ®uwa -
= Dier k kKGHIN® o -
= @ier k kLK ®ucLia kIHI®kHa -
= @ier Indy « Reshi

It ocquires the following graphial interpretation:

G
ne.'

K| G |H = Y1 X L] H

ﬂS.‘V
\ G
where the label g on an armaw indicates the isomorphism of  Indi
or Res? coming from indusons Li«— G and g'Lig— G.




Note that the diograms below come from (K,H) - bimodule maps:

G k[G] Rgih

e 1]

kIKI®uiak[H1 k®h

k[KGiHI = kK] ®neLalk[H]
Li
K H ] projection

9i
k[G]

Problem:: Inuestigate Mackey's theorem for systems of groups that
noturally appear in- geometry ond number theory , such as Gal@/@)
or T (Manifolds) .

Symmetric - groups
Now we will apply our genenal theory aboue to the speciol case of
symmetnic groups.

We will further simplify cur notation Res&r” IndSy o RYLIY
ond (bi-ymodules 8n(Smyse to  a(m)e et

In 86, we have shawn for Nil-Ceter ning that

NCn (NG )N 2= NCa @ (NCn ®Nen NCh)

which In tum gives us



F\)eSnﬂ o Indn= Idn @ Indn-=Resn
The progf there is just a version of Mackey's formula, anol we
only needed the “RI" relation:

§é<=

[ 4 +2 Pl 2
o obtain the decomposition gf bimodules above. Thus J%r kCSn1,
we also have:

ANt = (M @ (Nn-ND
30 that we olso have:

Rane I = Ioh © Inbe n: .

Next. notice that the functor I'= In7eIT' admits an endomorphism
coming from the (2, ny- bimodule map

n+2(N+2)n QSnﬂ

|

n2 (N+2)n 4]

where Sna= (n+.n+2y. e will denote this endomorphism by:

I N+| 1

n+2 n
Nt

Then we have the relations:



SRR

which follows from the comesponding relations in - Sn.
Similorly, K™= RrasRm hos as an endomorphism Sn

n(Nt2Ina SwQ

|

n(N+2) n+2 0

which we depict as:
g N+\ :
n N+2
Nntl
R R
Using cups and cops we can produce crossings befieen R and 1

s well:

R 1
R 1
>< = etc.

Bg the discussion above, we haue,

IR 2

which is encoded in RI=IR®Id a3 jollows:



and the relations cexercise) :

IR

These are relations that do not depend on. Some relations , however,
do depend on n. For instance,

(tyn =n-n

The monoidal aategory H
Now we d}ﬁne an obstract monoidal  k-lineor cotegory H!

Objects of H' are oefined o be finite direct sums of tensor
products Qf L orR:

I1 R I 1 R

Morpnisms ¢of ' between objects are k-linear combinations of
oriented string diagrams ., with at most simple Crossings :



H
.9

R I I R
The morphisms are required to Saﬁg@j iStopies relative to boundories

and (ocal relations modeled on those relations aboue jor symmetric
groups which 0o not depend on n:

g e R
<=1 §<>§i

~

() =1

One can check that these relations imply -

S
=

~

which further implies that

;é<:

holds with arbﬁmrg orientotion.



The right curl doesn't simplify, and it will be convenient to relobel

it 0S O Oot:

Moreouer, clockwise circles camying dots do not Simplify:
) 2 h@

The dot is related to the Jugy- Murphy elements in k[Sn1 as Jollowos.
Lemma. Fix an ne N, we have:
N+l }O no= 2k oy 230

the n-th Jucy - Murphy elements.
Pf: An ensy computation by decomposing the night curl o a cup.

a crossing, and Q. cap
O
|

We recall that Jucy-Murphy elements commute with each other. For
eoch NneN, Jo=o, Ji=2y, . Jn Jom a moximal commutative
subalgebra of kCSn1 if chark =o. The commutativity of these



elements now becomes planar iSotopy relations:

¥

Rrmk: Juey- Murphy elements play uery important roles in the repre-
sentation theory of symmetric groups. See A. Okourkou, A. \ershik,
A New Appronch to the Representation Theory of the Symmetnic Groups.

The following lemma is an easy consequence of' the cefining relations

f
Lemma. In ‘H' we have,

This relation, together with all the upward pointing relations, reminds
us of the notion of the degenerate affine Hecke agebra:

D@C. (Degenerm“e AHA on n-strands DHn). DHn is the k- (inear
diogrammatic olgebra on n strands (like NCa) carmying dots - subject
to the loool relations:



Notice that  k[Snl naturally embeds info DHn 0s o Subalgebra -
Moreouer, we houe a. retroction by assigning a. dot on the R-th
strond the R-th Jucy-Murphy element :

OHn —— kLSn]

SHEEE

n --- R+ h h-|...|

? =bo — 0 € kLSnl.

|

Notice that

Now we will Stute the first main result about H' B@‘ére that,

we sate the following lemma, which followes from an induction
argument.



Lemma. The conter- clockwise circle corrying dots can be
reduced to polynomial combinations gf Clockwise circles with
dots on them.

For instonce |

O -0 00

Thm. 0. Enda(le) = k[Co €. C2,-- 1. where

=)

In other wordg, thiS IS soying that any Closed diagrom in H' aon
be reduced to linear combinations of pictures with only Clockwise
circes with dots.

). Endu(I") = DHn® Endee(ds) .

In other words, any pictures going from n bottorn I's t© n top I's
con be reduced to linear combinations of elements of DHn with
Some circles attoched on their right hond  Side.

I 1 1 1

O
i .

I T 1 1




Notice that by tuming euergthing above  upside-down we get the
anologous results jor R"

For the proof, see M. Khouanou, Heisenberg algebra and @ graphical
colculus .

Def. The category H is dej?neol to be the Karoubi enuvelope cf H

H is a k-linear, monoidal category since H' is. By the thm above,
kISn1< DHn acts on 1" (RM € ObtH). Let en (ery be the com-
plete gymmetrizer (onti-Symmetrizery in kLSn1 (chark=0) , and
define An 2 (I €3y, Bn=(R"en e Ob§t).

Prop. We have in H that

1. Ao=Bo=Id An=Bn=0 f Nn<o.
2. Rl=IReId

3. AnAm= AmAn, BnBm=BmBn
4. BmAn= AnBm® An-Bm-,

Hence KolH) IS a ring, in which

[Bm]- [An] = [An][Bm] + [An-\][Bm—\]
These elements [AnJ, [Bn] can be Shown to generate the Heisenberg
algedbra

H = k< Pn,An>n20 / ¢ PnPm = PmPn. Qnm =8man, Pnlm=QmPn +Snm)

Thm. There is an injection
V-‘ H E— KO(H)



Conjecture: ¥ is an isomorphism.
The proofs aan be found in the aboue mentioned paper.

Rmk: There Is another antegorifiation of H by Cautis-Licata, where
they essentiolly used the nngs KCSnlx T, where T=AC*XkLG),
ond G is a finite subgroup of SU). The algebra T describes the
Cenived categonies of  coherent Sheaves on some Nakajima. quiver
uarieties  (Kapranou) .



