810. Hochschild Homology and Applications to Link Homology 1
Hochschild - ¢co-yhomolog

For smplicity, we fix o bose field k and work with
olgebras  over k.

Let A be such on olgebra, we introduce the following
grophical depiction of any module M over A. M s
depicted by a box with wires, and A operates on M uia
atiaching elements of A onfo M.

M

A bimodule aMa . which aoan be regorded as o module
over AerAT 2 A will be depicted as labelled boxes with
Two  wires :

where A openates on top and A% openates from below.
In this graphical notation. the fensor product of  bimockles
over A wil then be depicted as Joning - waires :



But ® is in general not exact, SO we will only use
this picture to Stand for M ®a N.

IWe now recall the dgﬁniﬁom Q}C Hochschild  «co-»homology ,
which are deriven versions of  (co-»inuarionts of a bimeolule

D@C’. . The inuariants M* of an A-bimodue M is the
Submodule

MA 2 {meM| am=ma, vae A} =Home(A, M),

. The convariants Ma of on A-bimodule M is the quotient
module

Ma2 M/LAM] = M@#xA

where [A.M31 is the A°-submodule generated by elements of
the form (am-ma.



3). The Hochschilo cohomology 18 the right Olerived funcfor
of fabfng inuanants :
HH*A M) £ *Homee (A M) = Extiae (A. M)

4. The Hochschild homotogg IS the {eﬁ Oerived janc“cor of
Tabing coinvanonts -

HHx (A, M) £ L (M®seA) = Toraex(A.M)

Rmk: It follows from this definition that

{ HH(AMY = MA
HHo(A.M) = Ma

Theoretically, we aan compute Hochschild (co-y homoalogy by
resolving A by projective A%- modules. This is done via
the bar resolution:

Bor(A): ~— AT AT A%

[m

0 — A — 0
where the differential is given by:
On : A®n—>A®n-'

0®--®0n Z":é - O ®-@Q-10i® - ®0n



One checks readily that the augmentment complex
Bar(A) "5 A — 0
is controctible, where o homotopy h 18 given by
A@n _h_) A®n+n

0®-®0n M |®@0® ®0n )

so that Bor(A)-™ A 8 O Qquasi-iSomorphism cf complexes
of bimoclules. Note that when nz2,

A% = AR A% A

is a free bimodule. Hence the bar resolution is a resolution of
A bg fr*ee bimodules .

When A is regulor, we can find much simpler resolutions
qf A 0s bimodules:

=g A=kmxa We have the 2-Step Koszul resolution:
0 — kixa®kixa — kixi®koxi -0 krx1 — o

| ® | = 11X - Xl

An important Speciol aase is when M=A. By the remark
at the end g” the agf. . HHUAY = Z(A) is just the center of



A In general. HHYA.A = Extae(A.A), equipped with the
Yoneda  paining:

Exthe(A A x Extie(A.A) — Exti(A.A)
becomes 0. Super-commuitative olgebra. It acts on DiA) as

Jollows. For any Me DAY and e HH'(A.A), o is giuen
by a mop of chain complexes gﬁ A - bimodules -

o A — AE[]

in DA%, Tensor this with M gives us
o: M — MLl € Homoway (M, M) = Ext{M, M)

The assignment is natural in M. In other words, o is a
notural Transformaﬂon 90 endo- functors @” DA

& JdDrwy— Id DLl
Recoll that in an abelion category A, Zid) £ End(Ids) i

called the center Qf X Then for the derived Cafegory DAY,
we hove the graded center

2D = @iez Hom(1d, Wdci),

ond what we have exhibted is a map:



HHYA.AY — Z(D(AY)
Problem: Is this map surjective / injective ?
Exercise: Show that HH'(A.A) = Der(A. A/ Inner deriuations.
In what J%(louos, we will depict mbing the Hochschild homelagy

of a (complex of ) A-bimodule by closing off the diogem of
M by joining the top and botiom wires:

M —— HHx(A M)

Since this is the exact fundar that retumns with a k-uector
Space that the top A oction can be trangféred to the botom
A" - action.

Relation to link homology
This starts with a Simple  observation of  Preytycki. Consicer
the algebra A= kexa/cx) which we used to dgﬁne 2 - Uk



homo{ogg. As o bimodule ouer t"cseklﬁ it has an t‘rﬁnl”fe free

resolution :
I ® | > X®I+®X
— AG®A — ABA — ABA — A®A - A o ()

I® | > X®l-18X |® | — X®I-18X

os a simplification Qf the bor resoution. In porticular, the
complex is 2 - periodic. This phenomenon also occurs in the 4h-
theory. Consider the (2,n) torus link as the dosure of the braid:

n CPOSSLT‘!QS <

C'/ff\/\@

Recoll that to @ positive crossing. we assigned the complex of
H'= A - bimodule mops (see §5.):

F(/\/) 20— F(><>ﬂ> F()()—»o,

where m is F applied to the Saddle cobordism , and F() () is
the identity functor gf H'-modules , i.e. H'®@w-, while F(X)



S gluen bg H®wH @ -. For two Crossings -

IR

0O —F(
A

Here one checks that the map W is guen by muttiplication by

the dlement xei- 1ex%.
Inductively, for n crossings, we can show that

) (g eY, M Ve v U m,
F(/%)—(o FA) FEA) FOA) F(
where @ i8 the multiplication by Xx®1+1@x, whie ¥ is the
multiplication by x®i-1ex. Hence we have the ﬁl(ooofng

(%%)



interesti ng :

Obseryation 1+ Bar(H"Y = Um Fca™

i

where o= X |

Observation 2: The Hochschild homology of H'=A con be identified
as the limit of the l-link homology of the @.m-torug link 7™

GS N— .
closure R @]

n 6:"

o X000

Indeed, to compute HHx(A.A), we use the bar resolution ¢, and
tensor it with A. Notice that x ®I+1®x becomes 2x while
X ®I-1®% becomes O in the resulting complex:

( xX®l+1®% X ®l-1®X xX®l+1®X xX®I-1®X

— ABA — ARA — ABA — A®A — 0) BpA
‘2K*A °>A2x>A O’A > O

We see that the terms in homological odegrees [-n-i. 01 coincioes



with %) -

o
O—>A——>ﬂ>A—’A XA — 0

Drown on a grid cliagrom, the Hochschild complex  looks like:

N g'- dea

| 2%

DS
l

- =3 =2 - 0

> hom. deg

The graged Euler charocteristic
A HHx(AA) = X (L HIT™ ) =)

e ]

How far does the Story extend
Now , et T be any tongle in DxI with the some even number
of boundory points on Dx{o} and Dxfit.

<

O

x



Previously , we have ossociated with it a complex of H"-bi-
modules, which is an invoriant ¢of tangles. So what can we
say obout HHx (H" F(TN?

o). It's always infinite dimensional, concentrated in @ negion (ike:

\

. It's a bigraded inuariant of the tangle closwre T £Dx8'

T

In foct, this is on inuariont of T rot only as embedded in
DxS' but adso as T €8S wWe will sketch o proof* in
what follows.

Recall that as tongles in SXI, there is one more moue

-



of tongles that results in isotopic tangle closures in S8

\\

< - U

Thus we need to check the inuariance cf HHx(H" E(TY) under

this move.
Now recall that F(T) is but by first resoling T into flat

toangles as
2N
I:Z 2N

For ench of such flat tongles. through its * thinest” part, we
resolue it S[mila!‘lg 0s we aid for | 1 a8 HR-bimodules:

2n
z
2N
which IS Now z‘rfmi’re ( bar - resolutiony :

o - o T I:Z °
Lo an LL0 0 L4 an




This results in o complex of H" projective bimodules of Pa @k bP
where W@ /b is the top/ bottom mafching

@w«h — pa Rk bp
yaway.

(see the nototion in 85). e then collect all the irlﬁntte chaing
Qf bimodules info o total complex, which can be regarded as
the bar resolution of F(T) as an H"-bimodule,

Then the inuariance follows from checking for matchings . the
move aboue introduces iSotopies :

T

On differentials , it introduces an ouer-all sign since ore aan
check that when X passes through a crossing, it changes

sign
/\/\x romotopec X |

o that the totol chain complex remain homotopic.  The inuariance




Follows from these observations.

We summanze some properties about HHx(TY £ HHx(H" F(T), in
onology with the previous Subsection:
w. If T=Il- on an smands, F(T)=wH" . and

| an

A(HH(TY = e ()

@. HH(T) sofisfes the Skein relations. N
@. HH«(T) is the (imit"of 4l2-homology of  T-o™, where
o ig the Jull broid twist on 2n strands:

ond ~ denotes the braid closure.
HHx(T) = dimnsw H(T-0M

Problem: Is HHx(T) functorial in T€ 8%1 7



