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81 Introduction

Quantum Rnot  invarionts

It's well-known from the work of Jores , Witlen , Reshetikhin - Turaeu
etc. how to construct quantum inuoarients gp links P(L)€Zra.91.
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One breoks krots! links into composition of tangles , and asscoiote
to each targle a linear mop  befiween Certain uector Spaces :
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ond to the empty plane with no points one oassociates Some
bose ring A eg Q@) or 209™1).
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Then a link determines an endomorphism gf A . o~ equivalently,
an element fe A,

\ery often. the vector spaces Vs camy extra structures . For
instance , they might be moolles of quartum groups Us(@p.
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Ca‘regor(fg;mg Rnot inuanants
The gquontum tangle invarionts are uisually integral and one can
understend this by cafegomj@mﬁ the obove picture .

To ench plane with n points we assgn a gy G, eg.
modules over some ring Rn = Ra-mod, ond to éach tmgle T we
assgn o functor Fr i G(asT) — Ga), eg. tensoring with an
(Rm.Rn) - bimodule (raMg.® -): Rn-mod — Rm-mod
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ond to empty planes we assign some  base category . j?)r instance
the ategory of groded vector Spaces.
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Then what ore gets for a lnk L is ideally a finctor by tensoning




with o groded vector spoce My, whose gnaded. dimension  recouers
the usual quantum knot inuariants :

L — ML — Sr.dl'mML= > nez OmMum @™ = Pu

What one gains from this complicated process is the functoriality .
namely . the assignments above extend naturallg to abordisms of
mnﬁles . in mony coses

< > Natural Trwwsﬁﬂnmion
——  between the ﬁmctors
F(Tl and FU'J. :
il = Fe
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A cobordism S between
two Jcang[es T and T2

Here S IR*[o.11xlo.11 i o surfoce with boundaves and cormers |,
and one requires further that the projection of 8 onto IxI be
ramified with double branch points only.

03 The double branch points
correspond 1o moues
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The clgebroic godget Fs s an algebraic invoriont 0ssociated  with the 4
dim'l object (S.IR*I%), which should be sensitive to the smooth Sfructures

of IR*

Triangulateo cotegories

The previous discussion is too ideal [f we insist on using abelian
Cofegories : in most cases. abelion cotegories are too rigid to
interesting symmetries. In the simplest example. jf the abelion
C&Tegon‘es involued ore Semisimple ,

/ ol / ., A semisimple
obelion aategory - A

and ince the braid group on n strands Brn octs on the left, it
octs 08 outomorphisms of 4 os well. Since & is semisimple .

it doesn't have that many interesting automorphisms other than
permuting the simple objects ( being simple is o aitegorical notion
that Should be preserued under outomorphisms of abelion CatRgonies) .

However, as we will lofer see. things get more interesting when
we poss to triongulated categories. Recdll that in homological algebra,
one can obtain trigngulated Cotegories jnm obelion  aategones:

A abelion Compt.4) : complexes C(4): complexes of  objects
coegory, eg. | —| of objects of A, |—|of A wp to chain-homotopy
A = A-mod (obelion) (triongulnted)

(N ) \ v J
Forming  complexes Factoring out  the ieal of
null- homotopic chain maps



D(A): the oenved

category of A
(triongulated)
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Inuerting QUOSI-ISoMorphisSms

In the ream of triangulateol categories. say . C(4), one obtains many
more Interesting €NCOMOMPAISMS - given by tensonng with complexes of
projective bimodules (or olerived tensor gc worhing with DE&8) ).

Interesting examples of  triangulated cotegories arise from modular
representation theory. olgebraic  geometry. symplectic geometry et

E.g. In modular representation theory of finite groups G ower an
olgebraically closed field k of charp IT1GI. the group algebra kG
decomposes into  indecomposable blocks -

kG = Bix-x Bn.
Some of the blocks are matnx algebras Matcni,ky, which are sy
to deal with, while the other “interesting” blocks may  Sometimes
have ﬁifhful broid group octions on their derived categories! e
will see some examples later.

E,Q. In Heegoard - Floer theory. one associpteS to & Compact
su[faoe with @ ﬁxeo{ tangent vector on it Q denived aategory gf
certain 0l - algebros. Unlike the local nature of a plane with n
dots, the megory D°(some dg-dlgebra) alrendly encodes some
global topological information.
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Eg. In geometric representation theory. people used o stuy
Uarious  Uorieties ansing from representation theory. One tokes
the triangulated  categories Qf complexes gf sheauves ¢ coherent
or constructible) as the underlying categories. Then one aon
usuplly reolize vanous olgebra actions on the homology or K -
groups of some collection of uarieties, with the genemtors of
algebros acting i cornespondences between  uarieties (" de-
categorification” of the aategories aboue).

Recently people Started to redize the imporfonce of studying
these categories themsdues and their 2-morphisms.

Quantum  groups

As mentioned in the begmnmg. we Will be denling with gquantum groups
and their represertations. Here we briefly explin why they are
interesting to us.

Recall that for any Lie algebra ¢y, we con associate with it
0. Hopf algebm. Uy such that the represemtion category of
0y i8 isomorphic to the module category of Ugy. Moreover,
the comultiplication :

A= U — Uy @ U
X > X®|+10%X
Vxe ), gues nse to a tensor product (monoidal) Structure on
Mod Ucgn. This tensor product Structure is symmetnic in that the
mop
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s a mop of Ui -modlules anol doirg it twice gives bock identity -
Ve W VW

®
/>< Twwy
® V = A or for short ? _ ’ ‘

Tv.w
VAW V&®W

=

Quontum group Ua@ is o one parameter deformation of Ugp 08
0. Hopf algebra., whose module category ModUat@ fos the same
famf[g qf simple objects as ModU(). However. the comultiplication

& non-trivial bmiding on Ustgn-mod with the aid of R-matrices,
still denoted T:
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of Ug(@p is no orger cocommutative . S0 that the obove Tuv.w
won't be a map of Ua(®) -modlules ony more. Insteaol, one hos
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Thus the mooule category of Ualg) comies interesting broid group
actions . The theory of quantum groups ond their categorifications
will be a. main topic (ater.



