38. 4ls Link Homology
In this section we defie a new link homology theory by
cotegorifying the Ugcals) - link inuariont.

Recoll thot the Uactds)- link inuariant is the assignement

P: Oriented lnks —— Z9.9™
L — P

determined bg :

(). the Skein relation

gsp(X) - g*D(Xh (-9 P(> < )
(». The normalization condition:
P(XOY= @*+1+92= 3]
P(P)Yy= 1,
The Shein relation implies that. for any orented Unk L. we hawe:
P(L UK )= a3 P(L)

In particular,
PO O L) = ral®

R

Kuperbery's s Spiders.
G. Kuperberg developed a planar grophical aalculus J%r Ua(ta)



representation theory. (We will tolk more about representation
theory of quantum groups later . For the moment. one can just
regord the quontum group Ugels) as Urslsy, the universal
enveloping dlgebra of  the Lie algebm #hs )

The planar graphs @C Kuperbery . Called webs, ore planar oriented
trivdlent  grophs  whose  vertices looR like  either

BN

For instonce, the fo((ouoing ore webs :

>
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Note that webs ore naturally bipartite . Kuperberg uses these webs
to cefine the Uschs) link inuariont . by resoing Crossings os

o>y = q2pt) (h-g*p Y )
D(X) =9.2P(> <) - QSP(X).

(Jebs are subject to the simplifications:

. O = [3]




(2)_¢ = D.]]

> \_/
(3) Y ) N o +
77N

Since ony web  contains either

using these simplification rules , we assocate with any web a
Lourent polynomiol in 219.9%1. Note that in fact these Laurent
polynomials all have ron-negative coefficents (€ 22003.971).
One needs to check the consistency of  this procedure ,
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For this. see Kuperberg: Spiders for Ronk 2 Lie Algebms.

From a representation theory point of view, trivalent vertices con be
regamled as intertwiners cf Ugcla) - modules Nametg, to points

with +/- signs . we aSStgn the Standard Ugt#la) - module V / it8
oual V*:

:r——>\/ o — V¥

A trivalent uertex, gfter bending a (itfle bit, is assigned to the
intertwiner of  Ug (2s) - modules:

VOB =AVeSVe ..
T
AM\V L
C

One readr{g Sees that this ossignment IS inuariant under rotations
oj the tnivalent vertices .

The following thm. of Kuperbery States that, the braided monoicil

category of Ug(la)-modules (s equialent to the category of webs
with  boundaries modulo the above  Simplifications .



Thm 1. (Kuperberg). o). We have o braided monoidal category G.
with
Objects - sequences of Signed points -

+ - +
e o -~ o

Marphisms : €(2)-linear combinations ¢f webs with boundaries -

+

4

+ +

modulo the simplification relations. The braiding i given by resolutions

E 1 \ 8

. More ouer, J%r any sequence 9” signs €. €&".
Home (€. €Y = Homugeeds) ( IVASIRVALSS

The €@ -Space Home(€.€") has os basis the elliptic webs,
which are webs (ke below (more complex than hexagons) :



For the proof of thmi . see the paper of Kuperbery

=g The €@ -vector space Homi++, ++) is Spanned by

Now. any oriented tonge T. after resolution. becomes a linear
combination of webs with boundanes . and an thus be regaroed
0s on element in Homece. &) for Some £.£'€0bG), Thm |
then tells us that this is a tangle inuaniant:

Rmk: Kuperberg in foct defined spiders for all rank 2 Lie algebros .
s, 008 = 9p2y, Ga. The latter ones have Similar dlogrammatics
0s 4ls. But there are rational coefficients for web disgrams  that
ocur in the intermediate Steps that make them hand to Qategonify

Cobordisms of  webs
As for the Jones polynomial. we wont to categorify the s-
link inuariant  P(L) to a finctorial (up to 1) bigraded homology
theory H(L)= @:j HY(L) , o that

XIH(LY) = Siez (-0 rank H9(L) 90 = P(L).
To ochieve this, we again must assign o commutative Frobenius

algebra A to a cirde . whose groded ronk s
ar rkR A = L[3].



By analogy, we will just toke Az HYCIP* = Zrxa/ix3  and
degrees need to be shiffed down accordingly:

AL H P {-Y =21 ©02Xx0 2%
deg-z dego o(e32

Then this determines o 2d TQFT F. which when applied t© on
oriented suface S with boundary gives a deg. -24S map:

®4
S O A
v . ] s
S A@h

However, now we have more than just cincdles gffer resoluing
oriented link clicgrams - we have webs 7. But the foct that
P € #0091 gves us a hint that HI) . just as for circles,
Should onlg live In homolcgt'cal degree 0 -

H(D) = @H™ ()
J€Z

Furthermore, we want mops

1) (V= HOCX)

in both directions to toke care of the resolution of cross ings. In
Joct, we want chain complexes :

o — H( > <3{-2}—> H( X){—3}—> o

Homologl'oal deg o)




o—>H<><>{s}—> H<> <H2}—>o .

Homo\o\ql'cval deﬁ o)

We also need o multiplicative cuTegorg”r‘caﬂon to toke core gf :
P U %) =P P2

The most Straght Jorward way to categorify this is to require:
H([V U [2) = HTY ®2 HT?).

By the expected functoriality. we need to looR for cobordisms
between the webs with boundaries:

X ) (

Such cobordisms are called foams, which are 2-diml C)
complexes with - singularities atong circles /7 ares:

N

Neor the singularities, foams ook (ike



singulor (ocus

Finolly, we reguire eoch 2-diml smooth cell of foams to be oriented
o that the induced orientations on the boundonies of the cells
ogree with the prescribed orentations on the webs.

Together with the usual cobordisms in Cobx ¢birth of a cirdle.
death of a circle. soodle moves ), the foams -

generate the cobordisms cj webs (with boundarves y

Cohomo(ogg Qf ﬂag vaneties
Before mouing on to the TGFT of foams, we will ffrsT look ot



o special example of o web. A trick later will enable us to
refuce closed fooms to this (ase.

We now Yy © determine wihat gmded module H(B8) we Should
assign 1o the B -web"

@ The “©-web”

Note that the three edges gf O allow us to merge circles into it
in three woys:

o 1) (o) (1 )

Thus we expect H(B) to be an A-modue in 3 different ways. In
general, if 0 web T has R edges. we would expect H(I to be
an A®® - module.

Next, notice that , by the rule of remouing a digon, we have:
P(O)= 3321

Since gr.rR HY@IPY =21, grrRHXCPY =31, the most naturl
way to lift P(B) is to realize it as the cohomalogy ring of
a monifold, which con be regarded as a IP'- bundle ouer IP* in
3 different ways. There is a unigue such example, namely the
Jull flag variety Fls of the Lie algebra 4ls

Recall that Hls consists of ful flags in €



Fla={ (VD2 | dmVi=i . ocvic V. c C3)

Note that we have IP(C* = CIP* choices for Vi, ond for each
fixed \h. there is IP(C¥V = CP' choices for Va. This giues us
a description of Fls as a IP'- bundle over PP*.

The 3 different IP'- bundle realizations of Fla are giuen by
regording Fla 08 a real analytic manifold. Namely. if we fix a
hermitian inner product on €. then any ful flag (Vi\Va) is
completely  determined by frst choosrng Li=Vi, and tahfng the
orthogonal - complement La of Vi in Va2, and finally letting L
be the direction perpendicular to Va in € In this way. we
have set up @ bijection of ful flags Fla with the collection:

f(Lod | L LJ' Vv LJ}

We con permute Li's and start by choosing any of them
Jirst (@P* worth of Choices), Thus we  obtain the three
different IP'- bundle deseriptions of .

In gereral. f G is a compoct Lie group and T is a maximal
torus of G . the flag vanety FL of G con be regarded as the
homogeneous manifold G/ T . or holomorphically s G</B . where
G® is the complexification of G, and B s a Borel subgroup
of G® The permuation of Li's above is realized by the (eyl
group W=Na(T)/T action on Fl, which doesnt preserve the
holomorphic - structure of  FL.



Algebrat‘callg .
H*(Fla) 2 Z0X0 %o M1/ (Xt Kot X3, X1K2t XiXa + X2X3, /K Ka’Xa)

where Xi is the first Chem class of the line bundle on Fls .
which assigns to the point (L. La.ks) the line Li. This 8 Q
Frobenius algebra of aim 6, with basis { x| r<2, s=1}. The

trace mop is:
€ (X%2) = {

We toke H®1E HYFis, 2). The Frobenus algebra structure gives
us a unit map ¢ (resp. frace mop €), which must come from
a foam from ¢ o © (resp. 6 to D)

= 7

7
-

| iT r=2, S=|

o othenwise

Recal that in §2. we introduced the handy graphical notation of
depicting multiplication by elements cj‘ A" by sewng a patch (obeled
by that elemert. Now we have patches from A= Zrxa/ex® .



Thus the unit map with patches:

denotes the nclusion ?JO the element X% into HO) C(osmg

it up With the qap:

¢

represents  the integer exMxx$). In particular, we have

<G



{ = 0O (M2 or S#1)

Also note that by modding out symmetric flinctions, the inclusion
of elements is an anti-Symmetrizer -

> A (0 K2+ %K = (Kt Ka) XK
=~ = - K23
=0 in HB®))

In porticular, any symmetric distribution of dots around @ Singular

circle is alwags O:
>

Fualuating closed ~ joams
Now, we recall o tricR from §2 that will aways alow us
reduce closed fooms to closed Surfaces and © bubbles! possibly

with dots on them. This is done by locally decomposing any
cylinder into - patches .

@ = yam &
@

where {a:t. {biy are dual boses under £ . Here for (oter conuenience,



we wil tare -€ a8 our trace painrg for A (or A=HYCP 2) ).

S0 that:
@:_@_@_@

Then. inside any cclosed) foam. near & Sihgular circle, we can 0o
0. surgery” around @ Smooth loop windling around the singular
cirde . and sewing back the above patches:

We will perform
a Sugery around
the purple circle.

Cut out the purple band, m
which is diffeomorphic to SxI



@ @@

3). Repent this process to the left wall as well . We will get Linear
combinations  of pictures where a6 -bubble” lies in between two
walls , all Canymg Some dots -

ol s

In this way we wil alwoys reduce cosed fooms to the case of
cosed Surfaces and © -bubbles carrying dots , to both of which
we dready Rnow how to 08sign ualues. Although it may be
impractical, it will help to deermine H(I) for webs I’ os
described  below

(Graded modules for webs
Reing able to etduate dosed foams that camy dots will also
eroble Us to determine the graded module H(™) for any web
I, at leost in Theorg.

Indeed, we have a et of generators J%r‘ HT) . namely, we
con regord any element of HI as a obordism from ¢ to



=

2> This picture gues the
gement xxsxte H(O)

I . possibly carrying oots. Now we reverse this process by
toking the free groded abelion group HIT') geremted by all
such  cobordismg carmying dots.

Then we need to mod out all the relations among  generarors.
A linear combination of  the aboue cobordism pictures will give
us a relation iff, whenever we cap Off these pictures with
any fixed cobordism from I7 to @, tne combination of closed
Joams evaluates to 0, using the algorithm we introduced in
the previous subsection. We dencte all relations so obtained by
R, which is o gmded submoadule of FI),

By construction, we have:
HI = B/ R@)

E.g. Some eosy H(M)s.
m., I'=0¢.



Any closed foam S with dots gives o Cobordism Jom ¢ o ¢,
ond thus represents an element of HI@). So

FApr=® Z<Sy

But closing up S by any cobordism & ﬁom d=I"") to ¢ i3
just the disjoint union ¢f S with 8"

bt

Since €SLISY=€(8) €8y, it J%((ows that S-eSHd , is in
Ry, where & denotes the empty cobordism between @ and ¢ .
We oconclude that

Hid) = Z<d>

. '=0 .
Again, generators of H(®) are guen by foams from ¢ o O

UanS the surgery trick aboue, we can quways reduce such J%am
to the case of a cup with no more thon 2 dots on it



= v, & @
=———

The closed fooms below the cups are then euduoted using €. It
Jollows that H(OY is generated by the cups:

O © @

Moreouer, there i8 no linear relation among these cups Since they
hove different oegrees. (e thus recover our earlier assignment
H(O) = HY(CP*), as graded abelian groups.

H(O) = Z<@>@Z<@>@z<@>

In summary. so for we hove Oefined the graded abelian groups
HI for* any web T7. In the jb((owm@ we will check that this
assignment - Categorifies Kuperberg's  Spider clculus and define
the 4ls link homology .

Categorification of  Kuperberg's ~ Spiders
Now we check that our assgnment I7— H(T) Uffs Kuperberg's
grophical colculus. Details are left as exercises.

Lemma. 2. We have the ﬁ{loming cobordism - decomposition .



VA (VA

- - > >‘5’ >

Proof omitted. This is done by - Cupping” and * capping” off
both Sides Qf the equation, and doing surgenes on both sides
olong  singular circles. See M. Khouanov. @ Link Homology .

Now we can set up mops between a digon and a lne:

A\,
> T
N N\
< < F
[

Using lemma. 2 one checks that this gives an orthogonal
decomposition Of the identity morphism cf the digon. Tahm\gt into
account of the degree shiffs (X(38)-24(S)+2-#dots) , we obtan.

H(é) = H(+){l} ® H(+){-l}




This categonifies Kuperbeng's removing o digon Jface relation.

To check the square remoual relotion:

) (

We need to Set up maps as abouve

N
7

Y N

v
N

) (T

N
7

N
7N

N

v
<

N

v
N\

< TN

The maps are the most obuious ﬁams that remoue s[ngular

poiNts N pairs .

For inStance:




Roratfng the picture bg %° gues the other cobordism befween

N
7z

N

N

7~ N\

One checks that these give an orthogonal  decomposition Qf the
identity morphism of the Squore web , which implies that

. "
H( v 1 )’:”H() Yy @ H ( \
/N

RmR: A better woy to think about these relations is to take
the universal additive category - generated b\nj these pictures

in which we have
- o)
) N\

Agoin. since any web containg either cinces, digons o Squares,
we con inductively reduce HIM to H(O O - O)in} Jor any
web L'

Cor. 3. HI is a graded free obelian group.
Pf: This follows fnom the cirdle case and inductively,
H(L} UPz)’EH(R)@ H(%) O



Rmk: Qur construction doesn't give a preferred basis gp H() .
s link homology

After the above effort of categorifying Kuperberg's  Spider
caculus. we are now ready to construct the s (ink homology.
Now tfo the resolution of Crossings , we apply-:

X : o—ﬁ() <3{-2}1 H(l H(X){—s}—w)

Homologl'cal deg 0

\/\., 0—>H(><){s} H(@)ﬁQ (3{2}J—>0.

Homologn‘cai deg 0

Then Jor ony link diagram D with N crossings. we toke its
complete resolution to obtain 2" webs , apply H, and obtain an
n-adim( Cube Qf commutative diagroms cf free abelion groups,
just as we did for the Jones polynomial. The commutativity of
the diagrams  follows s before, since djfferent paths of maps
in the cube Come ffom different orders of composing far aport
Jooms, which are isotopic. It folows that if we adopt the sign
conuention of tensor products of complexes , the n-diml cube
diogram  becomes o muilti-complex. We further collapse the multi-
groding into . single grading. The total complex So obtained



S our deﬁniﬁon gf H(D).

Eg. The Hopf link diagram

The complete resolution:

Thus H(D) is the complex

3
o — OO w (O () — o

Thm 4

. If Di and D2 are related by a Reidemeister moue.
HD) = H(D3)



in Compgr.Aby , the homotopy category of complexes gf groded
obelion groups.

. HD) i8 a link invariant.
3. X(HWLY = PLy.

Sketch of  progf.

@ ollows Jfrom @y, and @y is by construction
The proof of ) is simiar as for the Jones polynomial cose.
A slight complication comes from dlifferent orientations of R -

moues. For instance, we get Oifferent resolutions for RI moves
with different orientations:

ISIR)

(We take the last one as an illustration. The complete resolution

of the Lhs. is:

so that the total complex IS:

l

YHC— 3¢
l
> G 2



o R
0 —> H(Q)—*H(g:})@H(OA\ﬁH(»Q)—’O

b N/ N/
H(Q) = HC ()= HE O @ H )8

N/
H(Zj) =~ H( N)@H(A)

< v VoW
HIOY = HE )0 HE L) @ HI L)

LV
One checks that all cshifted) terms H( ) concel out and
we are left with
Al

The RI move reed only be checked for one particular oriertation
once the inuanonce under RI and RI I8 established , Since other
RI moues are equivalent to any chosen one modulo RI and RI
moves. e will sketch the follooomﬁ one:

QS Qgesired.



In facT, both Sides, aﬁer talrzfng complete resolution, give the
Some total complex (with H omitted).

v AN
RIS

The inuarionce  follows.

Extension to tangles

In this subsection , we Sketch the extension of ls homology
theory to the 2 category cj’ Tangles This is in analogy with
the tl2 cose (the Jones polynomialy.

First @C all we infroduce the anologue of - crossingless
matchings. We will denote by € any Sequence of sgns =
Jor nstance . €= (+t=-). For ony such an €, we degﬁne
the Set B

= { non-eélliptic webs with boundwy £}

E.Q, E=(++--)

REACH



Notice that B° gies a basis of #ls (Ugttls)) -inuariants of
the module V™ wiewed as #s-module maps € — V).
B =9, unless 3l #(%) - #), since this holds for the basc

buf(dl‘ng blocks :

Now for any such €. define H® by
H® £ @abest HWb Q) .

where W denotes reﬂectmg webs obout the horizontal oxis
ond reuemfng onentations on ares,

wa @ WXb) @ @
wb w 2 Wb

and H denotes our previous evaluotion of Closed toebs.
Agoin, we set

HWhC) ® HIWba) — Sb.eHINAQ)

os in the 4l case , and when c=b, the product is given by
evaluating the canonical - cobordism From Wb Uwya to
Wdha -



P
>
P

N,
>
N,
7

@ AN
&9 L

The product 18 assodiative for the same reason as in the 2k
cose. The unit 18 giuen bu | = 2aeBt la, where la€ Hinwa)
s given by the cononical” cobordism ﬁom ¢ to Waa:

a .
@ Wa-a H(Wa) 3 1a

T A

N\

¢ )

T
¢

HD =z 31

Moreouer, to morphisms between € and &', i.e. webs Té with
boundories  €'UiE , we assign the bimodule

H(TE) & @ begt ges® HWTEb)



—— H(TE) = @ pege geee HI )

TE

It's readily seen that if TE . T8 con be composed.
H(T- ) = H(T) ®ne H(T2)

Next, to foams S as cobordisms betioeen webs Té, Tt
we assign the morphism of (H®. H) bimodles H(S). agfined
By c{osmg up S in all possible ways WwxLo, 13, bxlo.11,
aeB¥ . be BE.

H(S) £ Baer? best H(W@xo.11-S- bx[0,11) : H(T) — H(T)

So for. this assgment gives us a 2-finctor from the 2- aaegory
of webs and foams inside RR* to the 2-category to bimockiles
and bimodule  homomorphisms ¢ compore with flat tangles in the
2 cose),

Finally, this 2 functor extends to the 2 cofegory of tangle
cobordisms 0 the 2 otegory gf Comp ¢ bimodules) as we did
n the . @se. The only difference being that matchings/ flat
tangles / = are now replaced by B/ webs/ H.



Rmk: The nings H® are expected to be related to uarious
porgbolic categories O of s, or the cohomology rings ¢of Some
Springer varieties of .

Comparison with Uz case
In the 42 cose (the Jones polynomialy, we defined the projective
modules for ony ae Bn -

Pa = @besn Flba)

These projective modules were shown fo be indecomposable . and
Endhn (Pa) = A* for some N.

Now in our s theory, one only has indecomposability of Pa
wnere

Po= HE Ia = @bere Hiba)

when & s short enoygh. For instonce, the ﬁst cose when
Pa IS decomposable occurs when €=(++--++--t1--)




In foct. there is a canonical  cobordism toRing this web to b:
] OO OO

|
WV,
gt
|
\V,
.

Derote the composite oborgism from @ to b above by S, and
S the same cobordism foam viewed backwards from b to a.

Then one get
H(S)

One checks that H(S)eH(S*= +Idps . 80 that Pb is a direct
summend of Pa. Hence Pa is not indecomposable. However,

Ps i indecomposable Since
Endl He (P == (kexa/ex)®°

S a local m‘ng.

Ancther interesting phenomenon that occurs here but not in the
4> theory is that different ordering of Sequences may give
rise to rings that are not Morita equivdlent. For instonce,
consider €'= +-+-1 which 18 a different ondening of &= (++--).

We have
SELVASEAN )



In H&%mod.
dimEndne (Pa) = dim H(wwa)

= dim l—l(@

[27% 031 0e=

=12

But dimEndne (Pa) (resp.by = 9. It J%Hows that these nings
are not Morita. equivalent.

Howeuver, these rings are derived Morita equivalent , in the Sense
that the complex of bimodules He H(T)He' , where T is the

tang{e . ]

gies rise to on invertible map:
F(T) @u+ (=)« Comp(H™™y — Comp(H™™)

ey o

between the homotopy categories of complexes of  projective
modules ouer these nngs. It's invertible Since T is Inuertible
With nuerge: )

i

1
+

|1 0—<—@0 |
-

=+
|



HMYeH(T) = H(T=T"

= Id Gompthtty
ond sl‘milartg H(T") e H(T) = Iol Compert)

We will gue o brief recap of (denedy Monita theory in the
next 8ection.

Open problems about s ik homology
(1. There is no Computer program to Compute (t at the moment.

. The analogue of Kasmussen’s inuaniant.

In the works of Scott- Nieh. Vbz- Mackoay, they defined ceformed
versions of H(I for webs T’ using equivariont cohomology of
CP*, Fa



H )

@ Z Hia (ot 2) 2 H(RUR), Z)
=~ Zrt. 1. 130, dégt'=2f

QP * 2o~ 20X T, T 1]
O H ) Hia( QP & = o

@ H¥ Fls) He (Fla, 2) = H3s(pt . Z)

~ 1= Xt %et%3 Ta=%X%%Ks
= %1 %2, %] "tlz=’}z|'X:+’X|9(s+ ’X:-'XS

Ore defines chain complexes of nk diograms similarly s for

H. For instonce, this assignment satisfies . for any link diagrams
K. L

CkKUL)Y = CK)®pigy CUL)
The onologue g Rasmussen's inuariant is ckfined by first setting
T, tT.=0. ThEH,
Ay = (t-torsion) @ FIKOT™
and
Fof™® =~ O {-280}

There are examples where S(K) is not propotional to Sk) .

Howeuver, it works equally as well as sk) to prove Milnor's
conjecture .,

A problem aboul: S(K) I8 To determine which diagroms are
odequate  for H-



